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The univariate SV model

“Centered” version (e.g. Jacquier et al., 1994; Kim et al., 1998):

yt = eht/2 εt , εt ∼ N (0, 1) ,
ht = µ+ φ(ht−1 − µ) + σηt , ηt ∼ N (0, 1) ,

with h = (h0, . . . , hT ), µ, φ and σ unknown. Features:
> have separate error terms for the mean and volatility equations (state space models).
> arise as discrete approximations to various diffusion processes in continuous-time asset

pricing.
> shares many “nice” properties with (. . . -)GARCH . . .
> . . . while still showing important differences, e.g. a more realistic ACF of squared

returns.
> shows less/no remaining nonlinear dependencies in residuals (Jacquier et al., 1994).



Individual SV models for daily EUR exchange rates (Kastner et al., 2014)
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Factor analysis recap
Basic Static Factor Model: Common factors ft = (f1t , . . . , frt)′ are related to yt via

yt = Λft + εt , εt ∼ Nm (0,Σ) ,

where Σ = Diag
(
σ21, . . . , σ

2
m
)
and Λ is the factor loading matrix.

Typically, orthogonal factors are used with ft ∼ Nr (0, 1r ). If furthermore ft and εt are
independent, we have

yt ∼ Nm (0,Ω) , Ω = ΛΛ′ + Σ.

> Factor models yield good estimators of the covariance Ω and (in particular) precision
Ω−1 (Fan et al., 2008).

> In econometrics, number of factors r � m (dimension of yt) ⇒ number of parameters
grows linearly with m.

> For (financial) time series, static factor models need to be extended to settings where
variances and covariances change over time ⇒ combine factor models with SV models
(Chib et al., 2006).



Factor SV
Use m + r conditionally independent univariate SV models for hit , i = 1, . . . ,m + r ,

hit = µi + φi (hi ,t−1 − µi ) + σiηit , ηit ∼ N (0, 1) ,

to define time-varying diagonal matrices

Σt = Diag
(
eh1,t , . . . , ehm,t

)
, Vt = Diag

(
ehm+1,t , . . . , ehm+r,t

)
.

Model m-variate time series yt through the factor model:

ft ∼ Nr (0,Vt) ,
yt = Λft + εt , εt ∼ Nm (0,Σt) .

This yields a sparse representation of a time-varying covariance matrix Ωt :

yt |ht ∼ Nm (0,Ωt(ht)) , Ωt(ht) = ΛVt(ht)Λ′ + Σt(ht).

> Conditionally, yt exhibits heteroskedasticity in many dimensions w/o their “curse”.
> Marginally, yt follows a process with a fat tailed stationary distribution.



Application to exchange rate data

Some posterior correlation matrices (mean± 2× sd) Video
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Quite some additional sparsity in terms of uncorrelated returns!
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Median of loadings posterior Λ|y (factors 1 and 2)
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Median of loadings posterior Λ|y (factors 3 and 4)
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Posterior loadings distribution Λ|y (factors 1 and 2)
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Posterior loadings distribution Λ|y (factors 3 and 4)
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Sparse factor models

Factor models are a sparse representation of Ω and Ω−1. To achieve additional sparsity, use
shrinkage priors a.k.a. penalized likelihood.
> Point mass priors

> Basic factor model (West, 2003; Carvalho et al., 2008; Frühwirth-Schnatter and Lopes,
2015)

> Bayesian dedicated factor analysis (Conti et al., 2014)
> Sparse dynamic factor models (Kaufmann and Schumacher, 2013)

> Continuous shrinkage priors, e.g. in sparse Bayesian infinite factor models
(Bhattacharya and Dunson, 2011)

> Latent thresholding approaches (Nakajima and West, 2013; Zhou et al., 2014)
> . . .



Sparse SV factor models

Use continuous shrinkage priors such as the Normal-Gamma prior (Griffin and Brown, 2010):

Λij |λj , τij ∼ N
(
0, τ2ij /λ2j

)
, λ2j ∼ G (c, d) , τ2ij ∼ G (a, a) .

Visualization

> V(Λij |λ2j ) = 1/λ2j , V(Λij) = d/(c − 1) if it exists
> Excess kurtosis of Λij is 3/a if it exists
> Shrink globally (column-wise) through λ2j
> Adjust locally (element-wise) through τij : τij < 1 more, τij > 1 less shrinkage
> Bayesian Lasso (Park and Casella, 2008) arises for a = 1



Simulation: rtrue = 2, Normal prior (m = 10, T = 1000)

−
1.

0
0.

0
1.

0

1 100 200 300 400 500 600 700 800 900 1000

Log−variance of factor 1 (mean +/− 2sd)

−
2

−
1

0
1

2

1 100 200 300 400 500 600 700 800 900 1000

Log−variance of factor 2 (mean +/− 2sd)

−
0.

4
0.

0
0.

4

1 100 200 300 400 500 600 700 800 900 1000

Log−variance of factor 3 (mean +/− 2sd)

−
0.

6
−

0.
2

0.
2

0.
6

1 100 200 300 400 500 600 700 800 900 1000

Log−variance of factor 4 (mean +/− 2sd)

−
0.

5
0.

0
0.

5

1 100 200 300 400 500 600 700 800 900 1000

Log−variance of factor 5 (mean +/− 2sd)



Simulation: rtrue = 2, NG prior, (m = 10, T = 1000)
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Simulation: rtrue = 2, Normal prior (m = 10, T = 1000)
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Simulation: rtrue = 2, NG prior, (m = 10, T = 1000)
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Application to S&P 500 members

> Seven-factor SV model to stock prices listed in the S&P 500 index.
> Only firms which have been listed from November 1994 onwards, resulting in m = 300

stock prices on 5001 days, ranging from 11/1/1994 to 12/31/2013.
> Data was obtained from Bloomberg Terminal in January 2014.
> Investigate T = 5000 demeaned percentage log-returns.
> Time-varying covariance matrix with 45150 elements on 5000 days can be well

explained by 7 factors with many factor loadings shrunken to 0.



Median correlation matrix on 11/14/2007



Median correlation matrix on 10/29/2008



Median correlation matrix on 8/5/2009



Median correlation matrix on 5/12/2010



Median correlation matrix on 4/27/2011



S&P 500: Loadings on factors 1/2 (of 7), N prior (left) and NG prior
(right)
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Practical implementation

Full conditional Gibbs sampling with efficient solutions for expensive or non-standard steps:
> Sampling the prior scalings τ2ij of the shrinkage prior: efficient adaptive rejection

sampling (Hörmann and Leydold, 2013), implemented in R-Package GIGrvg (Leydold
and Hörmann, 2014).

> Sampling the univariate SVs: efficient auxiliary mixture sampling (Kastner and
Frühwirth-Schnatter, 2014), implemented in R-Package stochvol (Kastner,
forthcoming).

> Everything in C/C++ using Armadillo (Sanderson, 2010) linked to R via
RcppArmadillo (Eddelbuettel and Sanderson, 2014).

However. . .
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Extreme mixing problems for simulated data (thinning of 100!)
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Boosting MCMC for state space models

Chib et al. (2006): no Gibbs sampling, MH-algorithm with sophisticated proposals to sample
Λ without conditioning on f.

More general strategies:
> Parameterizations matter for MCMC (Gelfand et al., 1995; Papaspiliopoulos et al.,

2007), in particular for state space models – centered versus non-centered
parameterizations (Frühwirth-Schnatter, 2004; Strickland et al., 2008).

> Marginal data augmentation (van Dyk and Meng, 2001): move to a non-identified
state space model through a working parameter (Frühwirth-Schnatter and Lopes, 2015;
Conti et al., 2014).

> Ancillarity-sufficiency interweaving strategy (ASIS) (Yu and Meng, 2011): move
between parameterizations during sampling.



Interweaving the factor loadings

Exploit non-identifiability of factor models to move between the three levels of the
hierarchical latent state representation.

Baseline representation:
yt = Λft + εt ,

with Λii 6= 0, i = 1, . . . r , and

fit ∼ N
(
0, 1 · ehm+i,t

)
, i = 1, . . . , r ,

hm+i ,t = µm+i + φm+i (hm+i ,t − µm+i ) + ηm+i ,t ,

with µm+i = 0.



Extreme mixing problems for simulated data (thinning of 100!)

Time

fa
cl

oa
d 

1

0 200 400 600 800 1000

0.
65

0.
75

0.
85

0.
95

0.6 0.7 0.8 0.9 1.0

0
2

4
6

8

N = 1000   Bandwidth = 0.0127

D
en

si
ty

 IF = 14441

Time

fa
cl

oa
d 

2

0 200 400 600 800 1000

0.
50

0.
60

0.
70

0.50 0.55 0.60 0.65 0.70 0.75

0
2

4
6

8
10

N = 1000   Bandwidth = 0.009829

D
en

si
ty

 IF = 17893

Time

fa
cl

oa
d 

3

0 200 400 600 800 1000

0.
60

0.
70

0.
80

0.6 0.7 0.8 0.9

0
2

4
6

8
10

N = 1000   Bandwidth = 0.01186

D
en

si
ty

 IF = 15046

Time

fa
cl

oa
d 

4

0 200 400 600 800 1000

0.
65

0.
75

0.
85

0.
95

0.6 0.7 0.8 0.9 1.0

0
2

4
6

8

N = 1000   Bandwidth = 0.01284

D
en

si
ty

 IF = 14708

fa
cl

oa
d 

5

0 200 400 600 800 1000

0.
55

0.
65

0.
75

0.50 0.55 0.60 0.65 0.70 0.75 0.80 0.85

0
2

4
6

8
10

D
en

si
ty

 IF = 14104



Interweaving the factor loadings

Exploit non-identifiability of factor models to move between the three levels of the
hierarchical latent state representation.

Shallow interweaving representation:

yt = Λ∗f∗t + εt ,

with Λ∗ii = 1, i = 1, . . . r , and

f ∗it ∼ N
(
0,Λ2

ii · ehm+i,t
)
, i = 1, . . . , r ,

hm+i ,t = µm+i + φm+i (hm+i ,t − µm+i ) + ηm+i ,t ,

with µm+i = 0.



Shallow interweaving
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Interweaving the factor loadings

Exploit non-identifiability of factor models to move between the three levels of the
hierarchical latent state representation.

Deep interweaving representation:

yt = Λ∗f∗t + εt ,

with Λ∗ii = 1, i = 1, . . . r , and

f ∗it ∼ N
(
0, 1 · ehm+i,t

)
, i = 1, . . . , r ,

hm+i ,t = µm+i + φm+i (hm+i ,t − µm+i ) + ηm+i ,t ,

with µm+i = logΛ2
ii .



Deep interweaving

Time

fa
cl

oa
d 

1

0 200 400 600 800 1000

0.
5

0.
6

0.
7

0.
8

0.
9

0.5 0.6 0.7 0.8 0.9

0
1

2
3

4
5

6
7

N = 1000   Bandwidth = 0.01314

D
en

si
ty

 IF = 100

Time

fa
cl

oa
d 

2

0 200 400 600 800 1000

0.
40

0.
50

0.
60

0.
70

0.4 0.5 0.6 0.7

0
2

4
6

8

N = 1000   Bandwidth = 0.0104

D
en

si
ty

 IF = 100

Time

fa
cl

oa
d 

3

0 200 400 600 800 1000

0.
5

0.
6

0.
7

0.
8

0.4 0.5 0.6 0.7 0.8

0
1

2
3

4
5

6
7

N = 1000   Bandwidth = 0.01215

D
en

si
ty

 IF = 100

Time

fa
cl

oa
d 

4

0 200 400 600 800 1000

0.
5

0.
6

0.
7

0.
8

0.
9

0.5 0.6 0.7 0.8 0.9

0
1

2
3

4
5

6
7

N = 1000   Bandwidth = 0.01307

D
en

si
ty

 IF = 100

fa
cl

oa
d 

5

0 200 400 600 800 1000

0.
45

0.
55

0.
65

0.
75

0.4 0.5 0.6 0.7 0.8

0
2

4
6

8

D
en

si
ty

 IF = 100



What about sample variation?
Estimated inefficiency factors for posterior draws from p(Λ11|yi ) where yi , i ∈ {1, . . . , 100},
denote artificially generated data with identical parameters.
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Average IFs for factor loadings matrix Λ

No interweaving
1 2902.86
2 2614.82 991.35
3 2932.20 214.87
4 2952.25 648.48
5 2926.91 865.40
6 2772.75 924.57
7 2264.23 948.54
8 1398.57 961.15
9 563.30 963.82
10 107.00 965.31

Shallow interweaving
1 412.96
2 394.06 148.37
3 410.95 62.70
4 408.42 110.23
5 405.60 130.05
6 394.07 138.14
7 371.41 141.90
8 318.16 143.91
9 215.74 145.16

10 74.11 146.12

Deep interweaving
1 3.23
2 6.48 3.83
3 3.26 9.04
4 3.45 5.59
5 3.90 4.30
6 4.78 3.77
7 6.36 3.52
8 9.11 3.41
9 13.83 3.33

10 20.91 3.32



Some final remarks

Sparse factor SV models are. . .
> a “hybrid approach” to dynamic covariance modeling, i.e. we get parsimony through

> factor structure, plus additional
> shrinkage

> estimable within a fully Bayesian framework, in particular via Gibbs sampling in
combination with ASIS

> computationally doable (but by no means cheap!) in “vast dimensional” (T = 10000+,
m = 500+, r = 50+) applications

> available through R package factorstochvol – almost! :)
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A Bayesian predictive framework Video

Within a Bayesian framework, a natural way of assessing the predictive performance of a
given model is through its predictive density (sometimes also referred to as posterior
predictive distribution). It is given through

p(yt+1|yo
[1:t]) =

∫
K

p(yt+1|yo
[1:t],κ)× p(κ|yo

[1:t]) dκ, (1)

where κ denotes the vector of all unobservables, i.e., parameters and possible latent
variables.

Details



A Bayesian predictive framework

In the factor SV case, Equation 1 is a (very) high-dimensional integral which cannot be
solved analytically. Nevertheless, it may be evaluated at an arbitrary point x through Monte
Carlo integration,

p(x|yo
[1:t]) ≈

1
M

M∑
m=1

p(x|yo
[1:t],κ

(m)
[1:t]), (2)

where κ(m)
[1:t] stands for the mth draw from the respective posterior distribution up to time t.

If Equation 2 is evaluated at x = yo
t+1, we refer to it as the (one-step-ahead) predictive

likelihood at time t + 1, denoted PLt+1.

Moreover, draws from the posterior predictive distribution can be obtained by simulating
values y(m)

t+1 from the distribution given through the density p(yt+1|yo
[1:t],κ

(m)
[1:t]), the

summands of Equation 2.



A Bayesian predictive framework

It is worth pointing out that log predictive likelihoods also carry an intrinsic connection to
the log marginal likelihood, defined through

logML = log p(yo) = log
∫
K

p(yo|κ)× p(κ) dκ.

This real number corresponds to the logarithm of the normalizing constant which appears in
the denominator of Bayes’ law and is often used for evaluating model evidence. It can
straightforwardly be decomposed into the sum of the logarithms of the one-step-ahead
predictive likelihoods:

logML = log p(yo) = log
n∏

t=1
p(yo

t |yo
[1:t−1]) =

n∑
t=1

logPLt .



A Bayesian predictive framework

Cumulative sums of logPLt also allow for model comparison through cumulative log
predictive Bayes factors. Letting PLt(A) denote the predictive likelihood of model A at time
t, and PLt(B) the corresponding value of model B, the cumulative log predictive Bayes
factor at time u (and starting point s) in favor of model A over model B is straightforwardly
given through

log
[pA(yo

[s+1:u]|y
o
[1:s])

pB(yo
[s+1:u]|y

o
[1:s])

]
=

u∑
t=s+1

log
[PLt(A)

PLt(B)

]
When the cumulative log predictive Bayes factor is positive at a given point in time, there is
evidence in favor of model A, and vice versa. In this context, information up to time s is
regarded as prior information, while out-of-sample predictive evaluation starts at time s + 1.
Note that the usual (overall) log Bayes factor is a special case of this equation for s = 0 and
u = T . More details in Geweke and Amisano (2010), Kastner (forthcoming). BACK



Exchange rates: Predictive marginals for Nov 30, 2011

1 f,  −1 shr,  2 int,  1+0.1 sigp 
2 f,  −1 shr,  2 int,  1+0.1 sigp 
3 f,  −1 shr,  2 int,  1+0.1 sigp 
4 f,  −1 shr,  2 int,  1+0.1 sigp 
5 f,  −1 shr,  2 int,  1+0.1 sigp 
6 f,  −1 shr,  2 int,  1+0.1 sigp 
1 f,  −0.1 shr,  2 int,  1+0.1 sigp 
2 f,  −0.1 shr,  2 int,  1+0.1 sigp 
3 f,  −0.1 shr,  2 int,  1+0.1 sigp 
4 f,  −0.1 shr,  2 int,  1+0.1 sigp 
5 f,  −0.1 shr,  2 int,  1+0.1 sigp 
6 f,  −0.1 shr,  2 int,  1+0.1 sigp 
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0.
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6
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8

1.
0

min sd kurt max
−3.67 0.75 3.62 5.14
−3.20 0.78 3.34 3.97
−4.16 0.79 3.29 3.04
−3.52 0.79 3.43 3.44
−3.69 0.83 3.39 4.05
−3.47 0.81 3.44 3.99
−3.76 0.75 3.53 3.64
−3.34 0.77 3.35 3.27
−3.06 0.77 3.27 2.94
−3.25 0.79 3.25 3.43
−3.67 0.81 3.60 6.17
−3.57 0.80 3.38 3.21

* ●

HKD
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0.
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1.
0

min sd kurt max
−2.66 0.69 3.16 2.86
−3.22 0.74 3.21 3.03
−3.19 0.74 3.26 3.30
−2.93 0.73 3.19 2.92
−3.22 0.77 3.20 2.88
−3.17 0.75 3.18 3.04
−3.63 0.70 3.46 2.96
−3.45 0.73 3.29 3.13
−2.97 0.72 3.17 3.50
−2.89 0.73 3.34 4.15
−3.34 0.76 3.23 3.30
−3.35 0.76 3.29 3.07

* ●

PHP
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0.
8

1.
0

min sd kurt max
−4.76 1.06 3.54 5.72
−5.82 1.13 3.62 5.87
−5.73 1.11 3.57 6.00
−6.13 1.11 3.54 5.40
−5.68 1.14 3.50 5.08
−4.95 1.14 3.66 6.66
−5.44 1.07 3.79 6.13
−6.65 1.11 3.65 6.40
−6.59 1.10 3.65 5.10
−4.92 1.10 3.53 4.82
−6.00 1.15 3.59 5.95
−7.55 1.13 3.72 6.04

** ** ●

IDR
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0

min sd kurt max
−3.45 0.68 3.44 2.91
−3.42 0.75 3.65 3.56
−3.62 0.74 3.50 3.58
−3.42 0.74 3.30 2.86
−5.03 0.77 3.59 3.06
−3.09 0.76 3.46 4.35
−3.07 0.69 3.60 3.72
−4.07 0.74 3.60 4.24
−2.85 0.73 3.21 3.46
−3.58 0.75 3.40 3.25
−4.88 0.76 3.50 3.48
−3.62 0.74 3.38 3.59

●

THB
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0

min sd kurt max
−4.21 0.75 3.61 3.74
−3.73 0.80 3.36 3.78
−3.52 0.79 3.38 3.29
−4.58 0.79 3.54 3.77
−5.23 0.83 3.61 3.93
−3.02 0.79 3.27 3.24
−4.73 0.75 3.92 3.58
−3.44 0.78 3.51 3.34
−3.13 0.78 3.29 2.99
−4.75 0.80 3.62 3.78
−3.33 0.82 3.36 4.34
−3.94 0.82 3.32 3.40

●

MYR

−2 −1 0 1 2
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1.
0

min sd kurt max
−2.81 0.62 3.54 2.73
−2.57 0.65 3.25 3.26
−2.98 0.66 3.44 2.98
−3.03 0.66 3.45 4.07
−2.95 0.68 3.35 3.33
−2.78 0.67 3.23 2.79
−3.47 0.62 3.53 2.41
−2.74 0.65 3.52 3.59
−3.72 0.65 3.43 3.27
−2.66 0.66 3.32 3.10
−2.65 0.67 3.25 3.59
−2.94 0.66 3.33 2.95

●

SGD
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1.
0

min sd kurt max
−5.09 1.14 3.39 4.25
−6.04 1.09 3.50 5.58
−4.35 1.11 3.46 5.10
−4.60 1.10 3.31 4.37
−5.00 1.12 3.47 5.72
−5.33 1.10 3.41 5.46
−4.66 1.13 3.47 5.33
−4.50 1.10 3.42 5.40
−5.54 1.11 3.41 4.61
−5.66 1.10 3.48 5.29
−5.28 1.10 3.48 5.58
−5.19 1.08 3.51 5.22

** ** ●

MXN
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1.
0

min sd kurt max
−3.82 0.82 3.50 3.80
−3.61 0.86 3.37 4.02
−3.38 0.88 3.28 4.69
−4.17 0.88 3.29 3.61
−4.14 0.89 3.42 4.42
−4.42 0.88 3.34 3.49
−3.62 0.83 3.48 4.16
−3.83 0.87 3.31 3.63
−4.53 0.88 3.40 3.61
−3.87 0.88 3.33 3.83
−3.50 0.87 3.21 3.64
−3.54 0.88 3.31 3.58

*●

NZD
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8

1.
0

min sd kurt max
−2.69 0.68 3.37 2.96
−3.20 0.72 3.27 3.08
−3.22 0.74 3.12 2.49
−3.16 0.72 3.25 2.80
−2.93 0.72 3.16 2.89
−2.74 0.71 3.13 2.68
−2.81 0.69 3.18 2.70
−2.93 0.73 3.16 2.87
−2.99 0.73 3.21 2.89
−3.14 0.74 3.35 2.88
−3.29 0.73 3.24 2.68
−3.35 0.72 3.23 2.83

*●

CAD
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Exchange rates: Predictive marginals for Feb 3, 2012

1 f,  −1 shr,  2 int,  1+0.1 sigp 
2 f,  −1 shr,  2 int,  1+0.1 sigp 
3 f,  −1 shr,  2 int,  1+0.1 sigp 
4 f,  −1 shr,  2 int,  1+0.1 sigp 
5 f,  −1 shr,  2 int,  1+0.1 sigp 
6 f,  −1 shr,  2 int,  1+0.1 sigp 
1 f,  −0.1 shr,  2 int,  1+0.1 sigp 
2 f,  −0.1 shr,  2 int,  1+0.1 sigp 
3 f,  −0.1 shr,  2 int,  1+0.1 sigp 
4 f,  −0.1 shr,  2 int,  1+0.1 sigp 
5 f,  −0.1 shr,  2 int,  1+0.1 sigp 
6 f,  −0.1 shr,  2 int,  1+0.1 sigp 

2012−02−03

−2 −1 0 1 2
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2
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4
0.

6
0.

8
1.

0

min sd kurt max
−3.12 0.72 3.48 3.61
−3.63 0.71 3.37 2.89
−3.06 0.72 3.31 3.69
−3.16 0.72 3.40 3.54
−3.53 0.72 3.49 3.52
−3.23 0.72 3.49 3.04
−3.07 0.72 3.39 3.17
−3.59 0.71 3.35 2.96
−3.44 0.71 3.34 3.02
−2.90 0.73 3.46 3.56
−3.80 0.71 3.35 3.54
−2.89 0.72 3.42 3.15

●

USD
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6

0.
8

1.
0

min sd kurt max
−3.49 0.78 3.61 3.87
−3.71 0.72 3.53 4.39
−3.86 0.74 3.77 4.83
−2.75 0.72 3.40 3.78
−4.08 0.73 3.57 3.02
−3.49 0.73 3.61 3.99
−3.65 0.78 3.81 5.05
−4.19 0.73 3.46 3.46
−3.60 0.73 3.54 3.35
−3.12 0.72 3.46 3.37
−3.21 0.72 3.44 4.15
−4.17 0.73 3.53 3.02

●

AUD
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8

1.
0

min sd kurt max
−4.55 0.78 3.94 4.93
−4.65 0.74 3.95 4.62
−3.22 0.74 3.58 3.59
−3.59 0.74 3.74 4.62
−4.27 0.75 3.84 4.20
−3.14 0.74 3.55 3.54
−3.28 0.76 3.70 4.14
−3.53 0.75 3.70 3.49
−3.46 0.74 3.63 3.31
−3.41 0.76 3.70 3.84
−3.25 0.74 3.74 4.06
−3.48 0.75 3.53 3.13

* ●

SEK
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6

0.
8
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0

min sd kurt max
−3.19 0.62 3.50 2.54
−3.00 0.72 3.27 3.17
−3.58 0.70 3.23 2.96
−3.65 0.69 3.38 3.14
−3.81 0.69 3.43 2.88
−3.04 0.69 3.39 4.27
−2.61 0.62 3.44 3.30
−3.71 0.73 3.44 3.17
−2.82 0.70 3.35 3.34
−2.91 0.68 3.40 2.76
−3.43 0.68 3.31 2.55
−3.17 0.68 3.36 2.61

●

JPY
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0.
8
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min sd kurt max
−2.87 0.56 3.45 2.51
−2.49 0.57 3.33 2.69
−2.71 0.58 3.37 2.54
−2.31 0.57 3.20 2.07
−2.38 0.58 3.30 2.62
−2.66 0.58 3.47 2.39
−3.10 0.56 3.51 2.70
−2.53 0.57 3.35 2.51
−2.50 0.58 3.41 2.44
−3.66 0.57 3.63 2.87
−2.52 0.58 3.38 2.61
−2.80 0.58 3.48 3.00

●

GBP
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min sd kurt max
−2.68 0.47 4.20 2.30
−2.62 0.46 4.09 2.31
−2.64 0.46 4.25 2.40
−2.70 0.48 4.66 3.03
−2.70 0.47 4.50 2.50
−2.05 0.47 4.13 2.23
−2.30 0.46 4.13 2.72
−2.26 0.45 4.08 2.37
−2.72 0.46 4.51 2.53
−2.17 0.46 4.05 2.51
−2.36 0.46 4.40 3.07
−2.22 0.46 4.52 3.17

●

CHF
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min sd kurt max
−3.19 0.57 3.73 2.49
−2.90 0.65 3.76 2.96
−3.01 0.66 3.76 3.12
−2.87 0.65 3.60 2.75
−3.11 0.66 3.79 3.14
−3.02 0.64 3.59 3.09
−3.54 0.59 4.03 2.78
−4.43 0.65 3.91 3.18
−3.81 0.66 4.29 4.81
−2.85 0.66 3.70 3.42
−3.16 0.66 3.86 3.09
−3.50 0.64 3.97 3.70

●

NOK
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min sd kurt max
−4.31 0.57 4.33 2.54
−2.96 0.54 4.19 3.41
−2.56 0.53 4.08 2.71
−3.33 0.53 4.17 2.63
−3.24 0.52 4.48 3.81
−3.04 0.54 4.11 2.53
−2.58 0.57 3.96 2.99
−2.92 0.55 4.46 4.18
−2.83 0.55 4.32 3.15
−3.37 0.54 4.46 3.69
−3.16 0.53 4.15 2.67
−4.24 0.54 4.63 3.33

●

CZK
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min sd kurt max
−6.88 1.05 3.96 5.06
−5.02 1.02 3.72 4.97
−7.66 1.03 3.98 4.76
−6.60 1.04 4.08 5.67
−7.20 1.04 4.65 5.78
−4.28 1.03 3.89 5.28
−4.39 1.03 3.57 5.79
−5.53 1.03 3.81 5.26
−5.22 1.03 3.95 5.35
−6.03 1.04 4.08 5.20
−5.20 1.04 4.13 6.38
−6.78 1.06 4.29 6.00

●

TRY
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min sd kurt max
−4.51 0.78 4.35 4.96
−4.88 0.79 3.89 4.77
−3.88 0.80 4.41 5.91
−4.53 0.79 4.50 6.52
−4.26 0.79 3.79 3.61
−4.45 0.80 4.20 4.48
−5.01 0.79 4.29 4.39
−3.90 0.79 3.91 3.97
−4.01 0.78 3.86 4.47
−4.81 0.79 3.94 3.99
−4.40 0.80 4.02 4.20
−4.72 0.79 4.22 4.61

*

RUB
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min sd kurt max
−2.97 0.62 3.42 2.47
−3.00 0.63 3.42 3.48
−3.08 0.63 3.43 2.76
−2.59 0.62 3.53 2.91
−2.94 0.64 3.35 2.97
−3.06 0.65 3.49 3.07
−2.68 0.61 3.50 3.09
−2.69 0.63 3.56 3.80
−3.20 0.63 3.43 3.56
−3.02 0.63 3.50 3.09
−2.74 0.64 3.32 3.46
−2.79 0.65 3.33 3.32

●

KRW
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min sd kurt max
−3.16 0.72 3.55 3.46
−3.11 0.70 3.35 3.00
−3.32 0.71 3.52 3.16
−3.32 0.70 3.37 3.09
−2.65 0.71 3.54 4.07
−2.92 0.71 3.45 3.44
−3.07 0.73 3.42 3.36
−3.22 0.70 3.46 2.96
−3.54 0.70 3.38 3.00
−2.76 0.71 3.40 3.14
−3.05 0.71 3.59 3.63
−4.21 0.72 3.55 3.79

●

HKD

−2 −1 0 1 2

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

min sd kurt max
−2.68 0.61 3.24 2.79
−2.80 0.64 3.28 3.13
−2.89 0.62 3.25 2.57
−2.46 0.63 3.19 2.57
−2.57 0.64 3.37 3.57
−3.75 0.65 3.27 2.70
−2.75 0.63 3.27 2.79
−2.91 0.63 3.26 2.48
−2.95 0.64 3.49 2.87
−2.74 0.65 3.43 2.98
−2.77 0.65 3.23 3.14
−3.18 0.66 3.24 2.69

●

PHP
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min sd kurt max
−3.76 0.86 3.41 4.25
−3.96 0.86 3.57 3.95
−3.46 0.86 3.55 4.80
−3.59 0.85 3.38 3.82
−4.27 0.85 3.52 3.63
−4.03 0.87 3.55 4.49
−7.21 0.87 4.05 4.15
−3.71 0.86 3.46 4.67
−4.53 0.86 3.48 4.05
−4.04 0.86 3.64 4.20
−3.90 0.86 3.42 4.32
−4.13 0.87 3.51 3.75

* ***

IDR
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min sd kurt max
−4.08 0.77 3.66 3.94
−3.73 0.75 3.69 4.24
−3.39 0.75 3.58 3.78
−4.69 0.75 3.73 3.70
−3.45 0.76 3.73 3.93
−3.92 0.78 3.59 3.62
−4.13 0.77 3.87 4.35
−4.09 0.75 3.49 3.24
−4.10 0.74 3.53 3.68
−3.49 0.76 3.58 4.11
−3.93 0.75 3.49 3.13
−3.65 0.77 3.73 4.73

*

THB
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min sd kurt max
−3.43 0.66 3.63 2.87
−3.69 0.68 3.64 3.27
−3.00 0.68 3.61 3.67
−3.35 0.69 3.84 3.48
−2.79 0.68 3.56 3.01
−3.09 0.70 3.55 3.31
−3.42 0.67 3.54 3.62
−4.71 0.67 3.82 3.56
−3.46 0.68 4.79 7.09
−5.01 0.68 3.83 2.63
−3.68 0.68 3.59 4.11
−3.59 0.69 3.79 3.75

●

MYR
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min sd kurt max
−2.93 0.53 3.70 2.63
−2.61 0.53 3.55 2.20
−2.53 0.53 3.40 2.23
−3.07 0.53 3.51 2.62
−2.49 0.54 3.36 1.91
−2.58 0.55 3.50 2.18
−2.39 0.52 3.45 2.53
−2.50 0.54 3.53 2.61
−2.29 0.53 3.37 2.61
−2.53 0.53 3.46 2.67
−2.74 0.54 3.48 2.24
−2.47 0.55 3.35 2.37

●

SGD
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min sd kurt max
−4.37 0.87 3.60 3.63
−4.12 0.88 3.51 4.12
−4.14 0.86 3.55 3.55
−4.55 0.86 3.58 4.04
−3.95 0.86 3.60 4.68
−4.16 0.86 3.37 3.70
−4.21 0.88 3.63 4.09
−3.72 0.88 3.49 3.75
−4.93 0.87 3.68 4.41
−5.03 0.87 3.55 4.73
−5.94 0.89 3.93 5.59
−4.63 0.86 3.74 4.74

**

MXN
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min sd kurt max
−3.21 0.81 3.39 3.46
−3.26 0.79 3.35 3.31
−3.06 0.79 3.46 4.27
−3.89 0.79 3.30 3.33
−4.00 0.80 3.39 3.28
−3.11 0.80 3.35 3.50
−3.15 0.79 3.29 3.17
−3.19 0.78 3.24 3.48
−3.55 0.80 3.32 3.83
−3.26 0.79 3.37 3.86
−3.18 0.79 3.30 3.44
−3.75 0.80 3.38 3.62

●

NZD
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min sd kurt max
−3.39 0.76 3.36 3.08
−3.14 0.82 3.27 4.25
−3.48 0.81 3.33 3.62
−3.45 0.81 3.17 3.52
−3.35 0.81 3.30 3.51
−4.19 0.81 3.46 3.73
−3.30 0.74 3.37 3.06
−3.86 0.82 3.24 3.39
−3.47 0.80 3.31 3.92
−4.34 0.81 3.25 3.66
−3.55 0.82 3.48 3.76
−3.18 0.81 3.29 3.00
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Exchange rates: Predictive marginals for Apr 3, 2012

1 f,  −1 shr,  2 int,  1+0.1 sigp 
2 f,  −1 shr,  2 int,  1+0.1 sigp 
3 f,  −1 shr,  2 int,  1+0.1 sigp 
4 f,  −1 shr,  2 int,  1+0.1 sigp 
5 f,  −1 shr,  2 int,  1+0.1 sigp 
6 f,  −1 shr,  2 int,  1+0.1 sigp 
1 f,  −0.1 shr,  2 int,  1+0.1 sigp 
2 f,  −0.1 shr,  2 int,  1+0.1 sigp 
3 f,  −0.1 shr,  2 int,  1+0.1 sigp 
4 f,  −0.1 shr,  2 int,  1+0.1 sigp 
5 f,  −0.1 shr,  2 int,  1+0.1 sigp 
6 f,  −0.1 shr,  2 int,  1+0.1 sigp 

2012−04−03
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min sd kurt max
−2.85 0.65 3.39 2.54
−2.92 0.63 3.58 3.62
−2.88 0.62 3.38 2.72
−2.50 0.63 3.30 2.46
−2.53 0.63 3.36 2.60
−2.59 0.64 3.31 2.99
−3.03 0.64 3.28 2.42
−2.56 0.62 3.26 2.54
−2.95 0.63 3.36 3.02
−2.92 0.62 3.37 2.37
−2.85 0.62 3.35 2.90
−2.81 0.64 3.41 3.83

●

USD
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min sd kurt max
−3.51 0.64 4.78 6.40
−3.26 0.66 3.64 2.63
−3.07 0.67 3.65 3.41
−4.20 0.68 3.62 2.82
−4.73 0.67 3.75 2.76
−3.48 0.67 3.63 3.10
−3.52 0.64 3.83 3.59
−2.74 0.66 3.48 3.24
−3.50 0.67 3.74 3.21
−3.52 0.68 3.58 2.98
−2.80 0.67 3.53 3.17
−4.17 0.66 3.71 3.33

●

AUD
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min sd kurt max
−4.33 0.55 4.32 3.20
−3.16 0.55 3.99 2.73
−2.23 0.56 3.76 2.70
−2.46 0.56 3.89 3.23
−2.82 0.56 4.01 2.96
−3.21 0.54 4.38 3.63
−2.49 0.54 3.93 3.42
−3.27 0.55 4.03 2.76
−3.07 0.56 4.03 3.57
−3.28 0.55 4.12 2.74
−3.04 0.56 4.09 2.94
−2.81 0.56 3.94 2.51

* *●

SEK
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Bivariate predictive marginals (exemplary day) Video



An open question. . .

Cumulative log 1−day−ahead predictive Bayes factors
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Priors

> Λij ∼ N (0,BΛ)
> µ ∼ N (bµ,Bµ)
> (φ+ 1)/2 ∼ B (a0, b0) as in Kim et al. (1998), implying

p(φ) = 1
2B(a0, b0)

(1 + φ

2

)a0−1 (1− φ
2

)b0−1

> σ2 ∼ Bσ × χ21 = G
(
1
2 ,

1
2Bσ

)
(cf. Kastner and Frühwirth-Schnatter, 2014)

> h0|µ, φ, σ ∼ N
(
µ, σ2/(1− φ2)

)
(stationary distribution)



Inverse Gamma prior for σ2?
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Identification, applications, generalizations

For identification reasons, we (currently) set
> µi = 0 for i ∈ {m + 1, . . . ,m + r},
> Λ lower triangular.

=⇒ (certain) order dependence among the responses!

(Selected) applications in financial econometrics:
> Asset allocation (Aguilar and West, 2000),
> Asset pricing (Nardari and Scruggs, 2007),

extending arbitrage pricing theory (APT) and capital asset pricing models (CAPM) for
time-varying covariance matrices.

Generalizations:
> Time-varying loadings (Lopes and Carvalho, 2007),
> Time-varying patterns of sparsity (Nakajima and West, 2013; Zhou et al., 2014).



a = 0.02
a = 0.11
a = 0.46
a = 1.04
a = 5.38
a = 24.5

0.34 0.36 0.38 0.40 0.42 0.44

0
10

20
30

N = 1000   Bandwidth = 0.00349

D
en

si
ty

Loading 2 on Factor 2

−0.26 −0.25 −0.24 −0.23 −0.22 −0.21 −0.20

0
10

20
30

40
50

N = 1000   Bandwidth = 0.002326

D
en

si
ty

Loading 3 on Factor 2

−0.10 −0.09 −0.08 −0.07 −0.06

0
20

40
60

N = 1000   Bandwidth = 0.001718

D
en

si
ty

Loading 4 on Factor 2

−0.09 −0.08 −0.07 −0.06 −0.05

0
20

40
60

N = 1000   Bandwidth = 0.001753

D
en

si
ty

Loading 5 on Factor 2

−0.07 −0.06 −0.05 −0.04

0
20

40
60

N = 1000   Bandwidth = 0.001658

D
en

si
ty

Loading 6 on Factor 2

−0.24 −0.22 −0.20 −0.18 −0.16

0
10

20
30

40
50

N = 1000   Bandwidth = 0.002699

D
en

si
ty

Loading 7 on Factor 2

−0.16 −0.15 −0.14 −0.13 −0.12

0
10

20
30

40
50

60

N = 1000   Bandwidth = 0.002028

D
en

si
ty

Loading 8 on Factor 2

−0.14 −0.13 −0.12 −0.11 −0.10 −0.09

0
20

40
60

N = 1000   Bandwidth = 0.001829

D
en

si
ty

Loading 9 on Factor 2

−0.09 −0.08 −0.07 −0.06 −0.05

0
10

20
30

40
50

60
70

N = 1000   Bandwidth = 0.001801

D
en

si
ty

Loading 10 on Factor 2

−0.020 −0.010 0.000 0.010

0
50

10
0

15
0

N = 1000   Bandwidth = 0.001189

D
en

si
ty

Loading 11 on Factor 2

−0.005 0.000 0.005 0.010 0.015 0.020

0
50

10
0

15
0

20
0

25
0

N = 1000   Bandwidth = 0.0008915

D
en

si
ty

Loading 12 on Factor 2

−0.16 −0.15 −0.14 −0.13 −0.12 −0.11

0
10

20
30

40
50

60

D
en

si
ty

Loading 13 on Factor 2

−0.010 −0.005 0.000 0.005 0.010 0.015

0
20

0
60

0
10

00

D
en

si
ty

Loading 14 on Factor 2

−0.15 −0.14 −0.13 −0.12 −0.11

0
10

20
30

40
50

60
70

D
en

si
ty

Loading 15 on Factor 2

BACK



Marginal posterior distributions of the factor log-variances hi ,t for
i ∈ {27, . . . , 30} (mean± 2× sd)
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Median posterior communalities (series 1–20)
Median proportion of variance explained by common factors (series 1−20)
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MCMC sampling scheme

Choose T (m + 2r) + mr + 4m + 3r starting values for µ,φ,σ,h, f,Λ, in our applications
that’s around around 100k or 2m, respectively. Then repeat:
a) Perform m + r univariate SV updates for hi , (µi ), φi , σi by using the sampler in

R-package stochvol.
b) Sample the factor loadings, constituting m independent r -variate regression problems

with T observations.
c) Sample the latent factors, constituting T independent r -variate regression problems

with m observations.

Note that in principle these steps can be straightforwardly parallelized.



Univariate SV Estimation

log(ε2t )|rt ∼ N
(
mrt , s2rt

)
for rt ∈ {1, . . . , 10} (Omori et al., 2007):

1 Sample h = (h0, . . . , hT ) AWOL:
> h = (L′)−1(L−1c + ε) with Ω = LL′ and ε ∼ NT (0, IT )

2 Sample µ, φ, σ (C):
> MH-step with independence proposal for (µ, φ)|h, σ2
> MH-step with independence proposal for σ2|h, µ, φ

2* Calculate h̃ = h−µ
σ

2** Sample µ, φ, σ (NC):
> MH-step with independence proposal for φ|h̃
> Gibbs-step for (µ, σ)|y , h̃, r with possible sign switching for σ

2*** Calculate h = µ+ σh̃ (“bookkeeping”)
3 Draw indicators rt from easily available posterior
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