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Abstract

This article introduces frequency domain minimum distance procedures for performing infer-
ence in general possibly non causal and/or noninvertible autoregressive moving average (ARMA)
models. We use information from higher order moments to achieve identification on the location
of the roots of the AR and MA polynomials for non-Gaussian time series. We study minimum
distance estimation that combines the information contained in second, third, and fourth mo-
ments. Contrary to existing estimators, the proposed estimator is consistent under general
assumptions, and can improve on the efficiency of the estimates based on second order moments
only.

Keywords and Phrases: nonfundamentalness; higher-order moments; higher-order spectra;

noninvertible moving average; minimum phase.
1. INTRODUCTION

Estimation of autoregressive-moving average (ARMA) models is typically performed under causal-
ity and invertibility assumptions using second-order procedures, such as least squares or some vari-
ant of the Gaussian maximum likelihood (ML) estimator. Causality and invertibility are crucial
assumptions when using second-order estimation procedures since these cannot identify non-causal
or non-invertible representations. Hence, for estimation of Gaussian ARMA processes causality and

invertibility need to be imposed. For non-Gaussian ARMA models the causality and invertibility
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assumptions are not necessary and not always justified, and, in fact, non-causal or non-invertible
ARMA models have been employed in many areas such as economics, seismology, engineering or
astronomy; for some examples in economics see Alessi, Barigozzi, and Capasso (2011), Hansen and
Sargent (1980, 1991), Huang and Pawitan (2000), Leeper, Walter, and Yang (2013), and Montford
and Uhlig (2009).

The literature devoted to estimating general non-standard ARMA models can be classified ac-
cording to two criteria. The first criteria is whether the distribution for the innovations is assumed
to be known or unknown, so either Maximum likelihood or alternative approaches, such as those
based on methods of moments, are used. The second criteria is whether estimation is performed in
one or in two steps. Estimation in one step attempts to estimate the general possibly non-causal
non-invertible ARMA models irrespectively of whether the absolute values of the roots of AR and
MA polynomials are larger or smaller than one. Estimation in two steps consists of performing an
initial first step where a causal and invertible model is estimated using standard procedures, and
then, in a second step, an ARMA all-pass model, which is a model where all the roots of the AR
part are the inverse of the roots of the MA part, is fitted to the first-step white noise residuals.

Lii and Rosenblatt (1992) investigate the properties of a one-step approximate maximum likelihood
procedure for the possibly noninvertible moving average case where the exact distribution of the
innovations is known. Breidt, Davis and Trindade (2001) propose a two-step estimation where the
least absolute deviation (LAD) estimator is applied to the first step white noise all pass residuals.
This LAD estimator coincides with the maximum likelihood estimator for a Laplacian distribution
of the innovations. Andrews, Davis and Breidt (2007) extend the previous article to rank-estimators
so they can dispose of the Laplacian assumption. Using also a two step approach, Kumon (1992)
proposes estimates based on the extension to higher order spectral densities of the frequency domain
Whittle (1953) estimate first order conditions. In a spirit similar to Kumon, Ahn, Leonenko and
Sakhno (2007) propose estimates based on related estimating equations using weighted higher order
periodograms. Note that in both references, identification is achieved by introducing arbitrary
conditions on the sign of the higher order cumulants of the innovation (Kumon) or on some weighting
function that controls the sign of the cumulant (Ahn et al.). Lanne and Saikkonen (2011) employ a
two-step strategy for estimating general noncausal AR models by maximum likelihood.

ML procedures are subject to the usual arbitrariness criticism, whereas the two step approach
presents the obvious problem of independently estimating twice the same parameters, so it is unclear
the asymptotic properties of the final estimates recovered from these two steps. In addition, the
second step is only meaningful when the first step residuals are non-independent white noise, hence
an independence test should be implemented between the two steps, which is not typically considered.

These criticisms lead to the conclusion that, ideally, one would like to employ a one step estimation



procedure without restricting the distribution of the innovations.

This article proposes a one-step estimator that does not rely on arbitrary distributional assump-
tions nor on arbitrary identification conditions. The only requisites we need for identification is that
some higher order cumulant (either the third or the fourth) is non zero and that the innovations are
independent up to this order. In particular, we follow the approach of Brillinger (1985), and propose
minimum distance (MD, hereinfater) procedures based on second and higher order information in
the frequency domain. Minimum distance procedures have also been employed in the time domain,
see Ramsey and Montenegro (1992), Amano and Lobato (2012) and Gospodinov and Ng (2012), but
these time-domain minimum distance estimators are inefficient since they only employ a finite num-
ber of moment conditions. An additional advantage of carrying out the analysis in the frequency
domain is the useful asymptotic properties of the frequency domain statistics when evaluated at
Fourier frequencies, see details in Section 2.

The first contribution of this article is to establish global identification of the parameters of
a possibly non-causal non-invertible ARMA model using higher order spectral densities as long
as some higher order cumulant of the innovations is not zero. This theorem motivates a general
minimum distance frequency domain objective function (OF, hereafter) that, similar to Brillinger
(1985) or Terdik (1999), employs the information in second, third and fourth moments. The second
contribution of this article is to establish the consistency and the asymptotic normality of estimators
based on this objective function for ARMA models irrespective of noncausality or noninvertibility.
Hence, for general ARMA models with no distributional assumptions, this article is the first one to
establish a one step estimation method with rigorously established statistical properties. Also note
that the proposed procedures overcome the need of using tests for causality or invertibility, tests for
independence, and our theory also cover all-pass models, both ignoring or using such configuration.

The general objective function studied in this paper weights the information coming from second,
third and fourth moments. The particular case of ignoring third and fourth moments leads to a
minimum distance estimator, based just on second moments, which is shown to be asymptotically
equivalent to the efficient Whittle estimator, the Gaussian quasi ML estimator (QMLE). Using the
information contained in higher order moments does not only achieve identification, but also, under
certain conditions, may improve on the efficiency with respect to the Whittle estimator.

Although the article focus on identification and estimation of ARMA models,we emphasize that
great part of the technical proofs for the asymptotic properties of parameter estimates are estab-
lished for general linear models where the parametric filter function is smooth enough. A technical
contribution of the article, of independent interest, is a central limit theorem (CLT) for martingales
where the leading term are centered powers of the innovations.

The article is structured as follows. Section 2 introduces the notation and the model, and recalls



the basics properties of the (higher-order) periodograms. Section 3 studies the identification of non-
causal /noninvertible ARMA models. Section 4 presents the proposed minimum distance estimator,
and establishes its asymptotic properties. Section 5 contains simulations, and Section 6 concludes.

Proofs and two auxiliary lemmas are contained in the appendices.
2. NOTATION, MODEL AND BASICS OF PERIODOGRAMS
2.1 Notation

Consider a stationary stochastic process {Y; };ez with E[Y?] < oo and call u = E[Y;]. Define the

autocovariance of order j as
v; = Cov(Ys,Y;—j) = E[(Ys — p)(Yi—j — )],  for j=0,£1,...,
and the j-th order autocorrelation as p; = 7, /7o- The spectral density, f(\), is defined implicitly as

x
7= fA)exp(—ijA)dA.
—n
The autocovariance sequence and the spectral density are measures of the dependence of the sto-
chastic process based on second moments, hence they are the objects of interest of usual time series
analysis. The dependence contained in higher order moments can also be described by the cumulants

which are defined in terms of higher order moments as
cum(Yy, ..., V) =Y _(-1)P " p— DIE(e,,Y;) - E(e,,Y;), k=1,2,...

assuming E[|Y;|¥] < oo and where v1,...,v, is a partition of (1,2,...,k) and the sum runs over
all these partitions, see Brillinger (1975) or Rosenblatt (1985, p. 34). Hence, the first and second
cumulants are the mean and the variance, respectively.

We also define the k-th order cumulant spectral density & = 2,3, ..., which is the Fourier transform

of the k-th order cumulant, as

) k—1
1 .
fkt(A):fk()\lw'-a)\k:fl):W E Cum(Ythﬂ‘lw-~7Yt+jk,1)eXp <— E Z]s)\s> >
& Jiy--Jk—1=—00 s=1

(1)
introducing for simplicity, when there is no ambiguity, the notation A = (A1,...,A\x—1). Note that
the usual spectral density is then recovered for k = 2, while f; can be complex valued for k > 2,
unlike f = fo which is always real valued.

From a sample of size T, one can consistently estimate the higher order moments and cumulants
by their sample analogs. In order to address estimation of the higher order spectral densities, first

we recall the definitions of the finite Fourier transform as
T

w()) = Yiexp(—it)),

t=1



and of the standard second order periodogram

1 1

10) = smw(Nw(-)) = 5 W), (2)

Expression (2) can be easily extended to define the higher order periodogram of order k as

1 k—1 k—1
Ik(A):Ik;(Al’-~-7Ak71):mgw(Aj)w(_;Ai)7 (3)

where we use the notation in (1). In particular, the statistic I3(A1, A2) is called the biperiodogram,
which is the natural (although inconsistent) estimator of the bispectral density, f5(A1, A2), and the
triperiodogram, I;(A1, A2, A3) that is the natural estimator of the trispectral density, fi(A1, A2, Az).

Similar to the periodogram, both biperiodogram and triperiodogram are asymptotically unbiased
estimators but inconsistent. In particular, we have that, under Assumption 1 below, the following

properties hold for fixed frequencies A, k = 2,3,...,
E[L(N)] = fi(A) +o(1), (4)
and when X # 0 mod 27,
Var [u(N)] = T (k= DI A FO0) - F e FOu +da 4+ ) +o(1)) (5)

as T — oo. Note that these properties hold under a variety of weak dependence conditions, for
instance, mixing or summability of cumulants, see Brillinger (1975), Rosenblatt (1985, p. 172-173)
or Alekseev (1993). Note also that by tapering these variances can be reduced, see Alekseev (1993).
In this article, as it is common in time series analysis, we are going to evaluate the statistics at the
Fourier frequencies defined as A\; = %, for j =1,...,T—1. The main reason is that when evaluated
at (different) Fourier frequencies (A # A') the higher order spectra are asymptotically uncorrelated,

that is
Cov(I,(N), (X)) = o (T<k+f—4>/2) . k=2, (6)

as T tends to infinity for almost all A and A’ (not satisfying some particular linear restrictions),
where we use the notation in (1), see for instance Lemma 1 in p. 172 in Rosenblatt (1985), and

Theorems 2 and 4 in Alekseev (1993).
2.2 Model

We assume that Y; is given by
Yi=p+ > b (7)

j=—00
where ¢, is iid(0, k2) with bounded moments of order k¥ > 3 and >_

1 and 2 below).

oo

=0 1,/1? < 00 (see Assumptions



A model establishes a structure on the wgs in terms of some parameter vector 6 € R :

a(L)Y, = B(L)e, (8)

where the polynomials (L) = 1 —>20_ ;L and (L) = 1+ 3°I_, ;L are of order p and ¢
respectively, have all their roots away the unit circle, inside or outside, and do not have any common
roots. Denote the model parameters by 0 = (ay,...,ap,B1,...,8,) € I'pg =1{0 € RPTI : z) #
0, B(z) # 0 for |z| = 1,a, # 0, B, # 0}. Since 6 can be expressed as a continuous function
0(p), p=(a1,...,ap,b1,...,by)" of the zeroes a1, ...,a, of a(-) and by, ..., bg of B(-), the parameter
set I'p 4 is the image under 6 (-) of the set

lp/2)+q/2]
p=(a1,...,ap,b1,...,b5) € 8 U ! (Rp‘Lq*ZTU(CE’") :
Apqg = r=0 ,

|al|7é0717|b_]|7é0717 ai#bjai:la"'ap7.j:15"'aq

where C2? = {(a,b) ceC?:b= d} denotes the space of pairs of complex conjugate numbers to
guarantee that 6 is real.

Model (7) establishes that f(\) = f(0, k2; A) where
K2
F(0, k23 0) = o 02(0; ),
and we employ «; to denote the j-th order marginal cumulant of €;, so that xs is its variance, with
$a(0; ) = d(0; A)(0; =),

where we denote the transfer function of the filter {wj };}1700 by

$(0;7) = > ;(6) exp(—ifh).

j=—o0

For instance, for the ARMA model (8)

L+ 329, B exp(—ijh)

0;\) = . 9
P0;0) = 7— S oy exp(—ij) 9)
In addition, model (7) establishes that fr(X) = fi(0, kr; X) where
(0.1 2) = S 03N, (10)
where
D03 X) = @03 A1) -+ - (0 Ap—1)P(0; =Ar — -+ — A1)



Then, it is simple to show the following relation that will be used later for understanding the role

that higher order terms have in our final OF,

2
v?
(0, ki )P = 7(2 )12._2 (0, k23 A1) - f(O, k25 A1) (0, s A1 + -+ + Ag—1), (11)
m
where
2 — ik
k — ’%126

is the square of the standardized cumulant of order k, in particular v3 and v4 are the skewness and

kurtosis coefficients, respectively.

3. IDENTIFICATION OF NONCAUSAL/NONINVERTIBLE ARMA MODELS
USING HIGHER ORDER SPECTRA

Although the standard spectral density f = f2, based on second moments, cannot identify the
parameters in the noninvertible/noncausal case, identification can be achieved by using the infor-
mation about these parameters contained in the higher order spectral densities. The next theorem
shows that the Lo distance of the higher order spectral density identifies the correct values of the
parameters for an ARMA model, defined in (8). Denote II = [, 7] and dX = dA; - - dAp—1.

ASSUMPTION A(p,q) : The polynomials «(L) and B(L) of order p and q respectively have roots
0 € Ay 4 (n) for some n > 0, where

lp/2]+q/2]
S U

0" (merr U

A () = @ =(a1,...,ap,b1,...,by)
min {a;|, b, llai| = 1], ||bj| =1, lai = bj[} 20 >0, i=1,....p,j =1,....q
Consider a positive weighting function g (6; ), possibly depending on 6, which is uniformly
bounded away from zero and from above for all A € II*~'and 8 € ©.
THEOREM 1: Consider an ARMA(p,q) model (8) with true roots ¢, satisfying Assumption A(p, q)
and K9 # 0 for some k > 3. Then for all 0 € © C ' 4, © compact, and all n > 0 there exists an
€ > 0 such that
U S B VAR S P AN SN TGRS T (12
The weighting function g (8;)) could be for instance |¢,,(6; A)| ™ to allow for periodogram optimal
normalization, since MA unit roots are excluded in the definition of O, as is proposed in Terdik (1999,
equation (4.3)). The identification provided in Theorem 1 relies on the next lemma, which will be
proved for £ = 3 only, the extension to k > 4 is straightforward. Denote by S the discrete set of
all potential roots obtained by inversion of the elements of ¢, (whose cardinality is 2™ — 1 where

n = p+q—r and r is the number of pairs of complex roots determined by ¢) so that complex roots



always appear in conjugate pairs and S C A, ;. Then f(6 (@), £i; A) is the spectral density of order
k of the ARMA process (8) calculated from (9) and (10) expressed in terms of ¢, the roots of the
AR and MA polynomials, rather than in terms of the parameters 6. Note that 6 (¢) is a continuous

function ¢ € A, 4.

LEMMA 1: Consider an ARMA(p,q) model (8) with true roots ¢, satisfying Assumption A(p,q)
and k) # 0 for some k > 3. Then

nf [ AO6@) )~ ful6 (o) m N 9 (053 dA >
pES,kLER k-1

Proofs and technical results are contained in the Appendices A and B. Lemma 1 shows that for
any ¢ # ¢, that belongs to the set S, the resulting spectral density is different of f;(6 (¢y),k%; A)
for all A € IT*~! whatever choice of xy, if k > 3. The proof relies on the fact that it is not possible to
choose Ky, so that both the real and imaginary parts of fx(0 (), kr; A) match simultaneously those
of fx(0(py),k2; A). Note, however, that this is indeed possible for k = 2 because f = f» is real and
it is always possible for any ¢ € S to find a value 2 that satisfies f2(0 (@), k2; \) = f2(0 () , K35 N)
for all A € II. This result holds also when allowing for unit roots in the MA polynomial, since this
fact will not affect the integrability of fi, noting that in case of real unit roots (i.e. +1) the inversion
leads to the same solution, so this case should be excluded from S. Then, in order to prove Theorem
1 only remains to consider elements ¢ outside S, which can not replicate the transfer function ¢(6; \)
under the identification of the orders (p,¢) in Assumption A(p,q) .

In particular, for K = 3 Theorem 1 shows that, when the third order cumulant k3 is different from
0, the bispectral density can be used to identify the parameters of an noninvertible linear model. By
a similar reasoning, the trispectral density, f4, can be used for identification when the fourth order

cumulant is different from 0.
4. MINIMUM DISTANCE ESTIMATION
4.1 Minimum distance approach

In order to make inference on the parameter vector 8, we propose to employ minimum distance
estimators based on the normalized distance between the data, reflected in the higher-order peri-
odogram, Ij(\), and the model, reflected in the parameterization of the spectral density of order &,
fx(0, Ki; X). In particular, using (4) and (5) we employ

waw=/w4 ELi(A) = fil0, s X))
JO) - fOe—1) fAr A2+ -+ A1)

Note that in the k = 2 case the modulus is not needed since both the periodogram and the spectral

dA.

density are real. However, for k > 2, both I, (A) and fx(0, kk; A) are complex. Note also that using



(11), Li (0, k) can be written as

Lk(aa Hk) =

)

vi /E|Ik(>\)—fk(9,'€k;)\)|2d)\
(2m)* 2 T2 | f(A)|?

this expression is relevant to show the role played by the higher order cumulants when adding up
the sample analogues of L (6, k) in Subsection 4.3.

Then, the Ly distance estimator of 6 is based on minimizing the empirical analogue of L (6, ),
scaling each periodogram ordinate by its variance, which can also be interpreted in terms of data
standardization to make comparable Ly, for different k. Note that the scaling is well defined when unit
roots and long memory are excluded in the parameter space, so that 0 < f(\) < oo for all A. Since
the denominator depends on the true unknown spectral density, we propose to employ the traditional
Whittle estimators under invertibility and causality identification as preliminary estimators of § and
kg, denoted by 07 and Ror so that f(0r,For; Aj,) is invariant if the roots implied by 6 are inverted
and Rq is adjusted accordingly. Then, the objective function based on fi (0, ki; A) is

Lyr (0, kx) = ;TZI Thk—2 (0 oo ‘*Ik(i\j) _ S0, ij)\jzﬁ .

= fO0r,Ror; Ajy) -+ f(Or, Rars Nj,_ ) (O, Rars Ajy + Xjy + -+ Njn 1)
(13)

)

where we have simplified the notation by introducing the general k-dimensional vector of Fourier
frequencies A; = (Aj,,...,Aj,_,) and by writing ZjT:_ll = ZjTl_:ll e Zijzl where we discard all
combinations of frequencies such that A;, + A;, = 7, a # b. This avoids referring in the notation
to specific sets of A; € II¥=1 where the periodogram can be defined uniquely, see the discussion in
Aleeksev (1993) and Appendix B. The normalization by preliminary estimates of f does not affect

asymptotic properties of parameter estimates and greatly simplifies the analysis when compared to

the case where scaling is simultaneously estimated, cf. Section 4 in Terdik (1999).
4.2 Concentrating the Cumulants out of the Objective Function

Note that in the minimization of the previous objective function (13), the cumulant ky, is a nuisance
parameter that only appears in Lgp, hence, although eventually the final objective function is a
weighted average of the Lir’s, we can focus on Lpr to concentrate out xj. Also note that Ror is
only a scaling factor in Lgr (0, k1), but it is needed to make comparisons among different &’s. First,

recalling (11), then (13) can be written as

2m)* 1= L) — [0, k13 Ap) |
Lyr (0, ki) = & T JZ; - :



Considering the FOC of minimizing L7 (0, ki) respect to kg, after straightforward algebra, it is

simple to concentrate out kg, and define

|¢k9A <« Re (Le(Xy)85(0;: =)
Z |¢k 9T7 Z |¢k(éT§)‘j)‘2 .

K,kT(H)
j=1
The fact that |¢,(07;Aj)|? is a consistent estimator for |¢,(0; A;)|2 up to scale, even if obtained
from Whittle estimation under (possibly wrong) invertibility and causality assumptions, motivates

the simpler estimate
k—1T-1
27 I.(As)
T _ Z LA VA 14
wir(®) (T) fte <¢k(9;>\j)>' (4

So, a consistent estimator for x;, is obtained by plugging in a consistent estimator of 6 into (14) for

k =2,3,4, and the concentrated objective function is defined as
Lir(0) = Lir(0, 5}y (0)).
4.3 Weighted Objective Function

In principle, frequency domain minimum distance estimators would combine the information con-
tained in fa, f3 and fy4, but higher order f; could be considered when k3 = k4 = 0. Hence, general

minimum distance estimators are based on minimizing the weighted sum
Wo Lo (0) + w3 Lar(0) 4+ WaLar(0)

where (w9, ws,ws) are some positive weights that can give more emphasis to information from
a particular moment or cumulant. In Subsection 4.5 we address the issue of optimally selecting
the weights. Note that the individual objective functions lead to first order conditions that are
correlated, despite the individual (scaled) periodograms are uncorrelated, leading to contributions
in the asymptotic variance of the estimates using simultaneously more than one EkT(H).

An additional insight for this objective function can be gained by calling v, = EiT /&Y where

ReT = KLT(gT) and AéT is a preliminary consistent estimate of 6, and defining

2
~0 (2m)F 2~ 1 = ‘Ik(%‘) - f;I(QQ)‘j)‘
LkT(e) = ~27LI€T(9) = Th—1 — 5
VT o k(0. Fer )|
so that
Lir(0) = (2m)* 52 LY (6), (15)

then we define the general family of minimum distance frequency domain estimators

= 1 Z
Or argr@rélg wr(0),

10



where we rewrite the loss function as

Lyr(0) = w2ng(9) + U)B@gTZgT(a) + U’@zTZ?LT(Q)a (16)

noting that 92,L9,.(6) does not depend on Rj, while the factors (27)*72 are absorbed by the
constants ws and wy. This version of the objective function makes evident that the role played by
the higher order cumulant spectral densities is larger the larger are the skewness and the kurtosis
for fixed (w1, wa, ws3), because the second derivative of Z%T(G) evaluated at 6 converges to the same
scale free constant matrix for all k = 2,3,... up to a scalar factor that depends only on k. Further,

the variance of the score of EgT(HO) varies inversely with v for k > 2.
4.4 Asymptotic Theory

Given the linear nature of the model, the dependence condition we employ is just based on restrict-
ing the moments of ¢; together with an i.i.d. assumption, whereas conditions on the summability of
the 1/’s are directly implied by the ARMA parametrization since unit roots are excluded.

We introduce Assumption 1 on the parameter space for identification and Assumption 2 on the

innovations.

ASSUMPTION 1: Y} follows an ARMA(p,q) model (8) with true roots @, satisfying Assumption
A(p,q) with © C T, 4 compact.

ASSUMPTION 2:  The process €, is an i.i.d. sequence with zero mean, variance ke > 0, /{2 #0 for

k=3,4, and FE [5?] < 00.

Under these conditions the results (4) and (5) hold because the ARMA model implies smooth
spectral densities. The next two theorems establish the asymptotic properties of the estimator of 6
that minimizes (16).

THEOREM 2: Under Assumptions 1 and 2, as T — oo
Or —p o,
and for k=2,3,4,
”LT(QT) —p Kk-

In addition to consistency, the next theorem establishes the asymptotic normality. Define

B0 = 5 [ 600 et 60 ) an)
with ¢*(60; A) = @(00; A) — 11(6o),
= 900 2) T
(00 ) = SO wo0) = o [ ol x (15)



and with
. 0

(0o; A) = %éf’(ao;)\)

Define also

1
=5 | (005 N (B0 NN,

—T
and note that ®; is zero for pure invertible and causal processes because in this case ¢! = ¢ has no
constant term in its Fourier expansion. Note that both ®, and @ are real because imaginary parts

of the integrands are odd and cancel out in the integration. Then, define the symmetric matrix
Do + B 3(®g + ) 204 (0 + )
V- ${BPegr oy} 3{Ee + Lap)

4 17«6_”?,(1) + By 2(1)*
Vi 0 V4 0

where jiy = py/k3 = vy +3, iy = p5/ng/2 =5+ 10v; and fig = pg/Ks = ve + 1003 + 1504 + 15 > 0

are the standardized fourth, fifth and sixth moments, respectively.

THEOREM 3: Under Assumptions 1 and 2, as T — oo,
VT(Or — 6) —a N(0,%5 Q0551

where

3
20 = (w2 =+ i’wgl/g —+ 2w41/i> @O —+ ”UJQ(I)S

is assumed positive definite and

4 4

2 :2 : 2.2
Qo = ijijVk‘/}—l,k—l-

j=2 k=2
The expressions for ¥y and Qq illustrate that the larger, relatively, are w3v3 and w43, the more
important is the contribution from these particular moments in the estimation method, while the
dependence of the asymptotic variance of 7 on higher order moments is reflected in the elements

of V.

From this result we can obtain the properties of many specific estimates using a single spectral
density setting w; = 0,1, as we do in the next Corollary. Define 955' ) as the Lo-distance estimate

using only spectral densities of order k£ = 2,3,4, i.e., wpy =1, w; =0, j # k.

(2
COROLLARY 1: Under the conditions of Theorem 3, assuming that for 05,1) O correctly identifies the

location of the roots of 0y, as T — oo,

05 — 09
VT | 0¥ —0, | —aN(0,W)
o5 — 6,

12



where

(B +D5) " oy Lyt

vy

_ Py—1lx—1 —1gd*d—1 Ps—v3 §—1 Pad—1d*xdp—1
W= y% ¢0 +®0 ¢0¢0 ®0 +E@O ¢0¢0

v3lV4g

_ 2 _ 2
He—V3 g—1 Py —1exrp—1
o fiest + (L) o5 lepe;

REMARK 1: Corollary 1 shows that the asymptotic variances of 9%? ) and 0% ) are smaller the larger
are vs and vy, respectively, i.e. the more information is contained in these particular higher order

moments.

REMARK 2: For pure invertible and causal processes, W simplifies to

1 1 228
vy
fy—1 s —V3 —1
v3lVa ® éo :

. 2
He—V3
2
vy

Then the asymptotic variance of 9;? ) equals the usual Whittle result for invertible and causal

models, using that in this case ®§ = 0, so
x -1
@0+ 85)7" =an ([ palb0 st -3yar)

since o' = ¢ and [; 95(00; Ao (0o; —A)'dX = 2 [;; (00; N)p(0o; —A)'dA. In Appendix C we show
that the estimates are also asymptotically equivalent in this case. We also note that the asymptotic
variance of éf ) is positive definite (given that ®q is positive definite) since i, — 1 = jiy — ji3 =
2+ vy > 0, so that v4 > —2 while v3 > 0 by assumption. Similarly fig — v3 = fig — i3 > 0 and the

. (4) . . . .
variance of 61" is also positive semidefinite.

REMARK 3: Note that for invertible processes 1, defined in (18), equals 0, so that ®¢ simplifies to

1 T
— Bo; N (0g; —N) dA
o ) ¢(6o; )90( 05 ) )
but for general noninvertible cases the expression for p, has to be considered. For instance, for a

simple noninvertible MA(1) process, |0g| > 1, from Cauchy formula, it is simple to show that

1 T et 1 z
- £ = 4=
Ho 27r/7, 1+ Ogein i) 1400z~ By

and also that in this case with ¢ =1

1 [ er 2 1
Of = — —— | dA— = =0
0 2w /771. (1 + 9()6”‘) 03 ’
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but this will not be generally true when ¢ > 1.

REMARK 4: Further, it can be showed that for this MA(1) process the asymptotic variance of
the (unrestricted) parameter estimate using L9 is the same for non-invertible parameter values
as the one obtained using the restricted estimate under invertibility and then inverting the roots
appropriately. To see this, the "invertible" asymptotic variance of the Whittle and of the 082)

estimates, |6y < 1, is given by

-1
1 [ 1

ol = 7/ ————d\| =1-6,
Qﬂ- —T |1 + 0061)\|

while the "noninvertible" asymptotic variance for 6 = 1/6, provided by the L9, loss function is

-1
_ 1 g 1

Q ) —1 R s 2 _ (p*2 _ 1 *2

0 (0p) <2W [w |1—|—986“‘\2d/\ Ho) (90 )90 )

since ®f = 0 in this case (cf. Remark 3). Using the delta method, the AVar of the estimate of
0y = 0y "' from estimation of fy in an invertible model is equal to that of ééz) times 0;* = 05" > 1,
that is, (1 —65) 05" = (1 —05*%) = 05" = (65 — 1) 05> = Qo (03)~" > 0 as if he had estimated 6,
directly. The same results holds for estimates using higher order information since the AVar of these

estimates is always proportional to @ L

REMARK 5: For all-pass models with constant spectral density we have that ®, + @ is singular,
indicating that second moments cannot identify the parameters in absence of further information.
Consider the case of unrestricted estimation of an ARMA(1,1) with (invertible) MA parameter,
By = 0o, |0o] < 1 and with (noncausal) AR parameter a; = —f, " so the roots of both polynomials

are —fy " and —6 respectively and

R R

f2 (Br,an; A) = L K2
1 2 |1_O‘1€M|2 2W|1+061€i’\}2 2m "
Then
1 1 0 1 0 702
R D PR B
1-6, \ 0 65 1-03 \ —62 o
since
e o
(pl (617 o1 )\) - e-";‘o = 1;(2_)28@')\
“iregten T 00 THope=

REMARK 6: In the case of restricted estimation of an all pass model of order r with

e (=)

P65 \) = va
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and 0 = (A1,...,6,)", 6(\) =1—0e” .- —0,e"*, we can obtain that

@i (B a1;A) = —

N &

so that

o,k =

i/ 2cos (j —2k)/\d/\
2 10N

(which is twice the value for typical AR or MA coefficients) and ®f = —®, so ®¢ + @ = 0. Hence,
second moments do not provide information at all as fy is constant for all 8, while the asymptotic
(3 . (4
variances of 98 ) and 98 ) are respectively
01— 2 o212
Hy 3(1’51 and He 3 Mg <I>61-

2 2
v3 vy

REMARK 7: Theorem 3 can be compared with previous CLTs in the literature. In particular, classi-
cal textbooks from Hannan (1970) or Brillinger (1975) to Brockwell and Davis (1991) provide CLT
for the QMLE for causal and invertible ARMA models. Their asyvar is a particular case of our asy-
var. Terdik (1999, Theorem 76) considers a loss function similar to wy LY, (6) + IU3’U~23TZgT(9), but
with simultaneous normalization of the periodograms, although he does not analyze the contribution
of this modification to the asymptotic variance. Kumon provides a CLT for Z-estimators based on
higher order cumulants, which are asymptotically equivalent to the corresponding MD estimators.
Notice that Kumon’s formula (3.9), which provides the asymptotic variance of H(Tk ) cannot be com-
pared to ours for two reasons: he is not centering by p(6g) in expression (17), which is needed for
noninvertible processes, and the constants in his expression (3.9) are not adjusted by the fact that
one uses only the real part of the biperiodogram in the first order conditions. Similarly, the results
of Ahn, Leonenko and Sakhno (2007) are not directly comparable since their loss function depends
on a weighting function a a different identification strategy.

REMARK 8: For establishing the CLT the iid restriction could be relaxed to mds with constant
conditional homoskedasticity (and additional moment restrictions) at cost of further notational com-
plexity. The extension to the conditional heteroskedasticity case is more challenging and left open

for future research.
4.5 Optimal Selection of Weights

Given Theorem 3 and Corollary 1 it is possible to derive the optimal weights (ws,ws,wy) in
the sense of minimizing the asymptotic variance of 1 for a given value of higher order cumulants
(K3, K4, K5, k) when the model is invertible and causal, ®§ = 0, since in this case the problem
reduces to a univariate one. This analysis is not reported since the expressions for the optimal

weights are complicated and unintuitive, apart from the fact that large v2 and v3 improve the
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efficiency of estimates based on third and fourth order cumulants. If ®f # 0, then the analysis
cannot be reduced to a univariate optimization and it does not seem possible to give general results.

Here, instead, we will provide three lemmas with particular cases of interest for which relatively
simple and intuitive solutions are available for estimates based on only two moments for invertible
and causal models. Lemma 2 considers the case of the optimal selection of ws and ws when wy is
restricted to be zero. This result is of interest since it shows that adding ZgT(H) to ng(H) can not
make any improvement from an efficiency point of view. Lemma 3 addresses the case where wg is
restricted to 0, for instance, due to anticipation of symmetric innovations. This case is of interest
because when v4 < 0, employing the optimal w, delivers an estimator whose asymptotic variance is
lower than the one for the Whittle estimator. The gain in efficiency depends on the specific values
for the cumulants. For instance, for the uniform distribution the decrease in the asymptotic variance
is around 20%. Lemma 4 considers the case where wy is restricted to be 0. This case is of interest
since, in terms of identification, E(Q)T(H) does not help to L,z (6) since second order moments do not
globally identify the parameters., Hence, Lemma 4 provides the optimal weights from an identifica-

tion point of view (that is, imposing wy = 0). Proofs are in Appendix D.
LEMMA 2: Restricting to the weights (w2, w3, ws) = (1, w3,0), the optimal weights are wj = 0.

Note that these weights would preclude identification.
LEMMA 3: Restricting to the weights (wq, w3, wys) = (1,0,w4), the optimal weights are
3 1
w*max{ - - ,O}.
! 2 Vi, — va (g — v3)

It is immediate to see that wj is positive when vy < 0 because ji; > 0 and fig — v3 > 0, which

implies that fourth order cumulants are informative if the distribution tails of the innovations are
lighter than the Gaussian ones. In this case the asymptotic variance of 07 is lower than that of the
Whittle estimator. The gain in efficiency varies according to the distribution of e;, as commented
above.

LEMMA 4: Restricting to the weights (wq, w3, wys) = (0,1, w4), the optimal weights are

w] = max {3 V3Vy (iu4 2) V32(li5 v3) ,O} .
dvsvy (g —v3) — vy (s — vs)

In principle w]l can be positive when either v4 < 0 or v4 > 0, depending also on the values of v3, v5
and vg. For instance, if v3 and vs have the same sign, then w:[ > 0 when v4 < 0, as shown in
the proof of Lemma 6, confirming that fourth cumulants are also useful for identification in this
situation.

Given that estimating the optimal weights is a complicated task, it is a sensible approach to

start with a consistent estimate, and then perform a Newton-Raphson step on ZgT(G), so that the
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resulting estimator is consistent and its asymptotic variance is asymptotically equivalent to the one
for the Whittle estimator. The initial consistent estimator could be constructed by minimizing
just EgT(O)7 or adding ZST(H) in case a negative kurtosis is suspected or found after this initial
estimation. If symmetry of innovations is suspected, the initial consistent estimator could just be

based on minimizing LY (6).
5. SIMULATIONS

In this section we report a short simulation exercise to assess the ability of L7 and Lar to identify
the proper location of the roots, complementing the theoretical analysis of Lemma 6. We focus on a
simple M A(1) process, and consider three innovation distributions: an exponential, and a Student’s
t with 5 degrees of freedom and a Uniform. The last two distributions are symmetric, so k3 = 0
and Lsr should not provide identification information, but the exponential distribution is highly
asymmetric, v3 = 2. The first two distributions have the same positive kurtosis v4 = 6, while the
uniform has negative kurtosis, v, = —6/5 so we will expect E4T to be much more informative for
the latter.

In sum, we would expect that EgT (over I~/3T—|—E4T) should be the best (in relative terms) criterion
to identify the location of the roots for exponential distributions because kurtosis is positive, while
Lap should be the best option for ¢ and uniform distributions, but the identification of the ¢ should
be much more difficult than that of the uniform, everything else the same.

Tables 1-3 reports the percentage of proper identification for 3 sample sizes, 50, 100, and 200,
respectively, and four values for 6 (0.5, 0.9 and their inverse values) and 1000 replications.

The previous predictions for the exponential distribution are confirmed, Lsp is the most informa-
tive in most cases, Lyr + Lar is getting closer the larger T, while Lyr is always doing worse. For the
t distribution we find that Ly, provides some marginal information (since k3 be would expect just
50% of right identifications) we should not be able to identify models with symmetric innovations,
and I~/4T performs similarly to flgT + £4T. For the uniform, EgT is very close to 50% as expected,
while [~/4T improves over I~/3T + I~/4T as T gets larger. Overall, we can conclude that [~/3T + [~/4T
provides reasonable identification results, despite one of the elements Ly might not be well defined
or not improve on the information of the other element.

In terms of sample size, we can check that it always helps identification expect for Lsz for sym-
metric distributions, while the distance to the unit circle helps to identify the right location of the

roots, everything else the same.

17



Table 1. Identification with L3z + Lyr
[z
T Distribution 0.5 0.9 09! 051
50 & ~ Exp(1) 86.6 69.2 T77.2  88.2

e ~ b5 59.9 478 499  59.6
e, ~ Unif 63.6 544 612 702
100 & ~ Bxp(1) 947 751 87.6 947
£ ~ L 719 564 638  75.7
&, ~ Unif 81.0 558 639  79.7
200 & ~ Exp(1) 985 762 936  99.2
et ~ b 85.1 59.5 680 842
& ~ Unif 96.4 538 663  95.7

Table 2. Identification with Lsr
0
T Distribution 0.5 0.9 09! 051
50 & ~ BExp(1) 95.4 754 81.8  96.1

e ~ ts 641 573 578  65.9
e ~ Unif 464 474 452 48.0
100 &, ~ Exp(1) 988 782 91.0  99.1
e ~ t5 673 553 610  68.7
e, ~ Unif 46.0 44.3 515  46.9
200 &, ~ Exp(l) 99.9 737 956  100.0
e ~ t5 705 56.8 624 704
e ~ Unif 46.3 423 548 445

Table 3. Identification with Ly
0
T Distribution 0.5 09 09T 05T
50 e ~ Exp(1) 7.5 684 770 80.7

gr ~ ts 67.0 56.9 60.2 65.7
g¢ ~ Unif 61.4 477 49.7 60.0
100 & ~ Exp(1) 89.2 746 87.2 91.0
gr ~ ts 71.6 56.0 63.3 75.2
g¢ ~ Unif 81.6 59.2 61.0 81.3
200 & ~ Exp(1) 95.6 76.7 935 97.0
gr ~ s 85.2 59.6 68.1 83.3
e¢ ~ Unif 96.6 54.2 65.8 96.1

6. CONCLUSIONS AND EXTENSIONS

This article introduces frequency domain minimum distance procedures for performing inference in
general time series linear models that may be noncausal and noninvertible. We propose a minimum
distance approach that combines the information contained in second, third, and fourth moments.
Contrary to existing estimators, the proposed estimator is consistent under general assumptions,
and can be more efficient that the Whittle estimator by a careful selection of the weights given to

the higher order contributions.
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This article has focused in ARMA models with independent innovations, but the analysis can
be extended to other linear models, such as Bloomfield, and, especially to nonlinear models since
information contained in higher order spectra is particulary relevant for this case, an example would
be ARMA-GARCH models, so we could compare our methods with Ahn et al. (2007). Additional
extensions of interest are the following: use and justification of the bootstrap to estimate the stan-
dard errors of the estimates, use and justification of the two-step estimator commented at the end
of Subsection 4.5, use and justification of automatic criteria, such as AIC or BIC, to select the order

of the ARMA model.

APPENDICES
APPENDIX A: MAIN PROOFS

Proof of Theorem 1. First, by Lemma 1 and with 8y = 0 (¢,) ,

. 2
[ RO )~ felbo, ki N 9O N = @ >0
0=0(p),pES,kLER IIk—1
. . . p/2]+1q/2] 9
for some €; > 0, so that under Assumption A, by continuity of the mapping 6 : 90 RPFTI—2ry

C? — RPFY and f;, and for a ball of radius p small enough around 6 = 6 () for ¢ €S, B (p,0) =
{9* : Heﬂ — 9” < p} and any 7 > 0,
inf 0, ks N) — fu(00, 525 N7 g(6; A)dA > €5 > 0,
ot oo o 10N = 00, N 00 2R > e
for some €5 > 0.
Then, compactness of © and usual identification arguments for ¢p(6;\,), a = 1,...,k — 1, imply

that for parameter values which are away of those whose roots ¢ € SU{¢p,}, it holds that

inf 0, k13 N) — Fi(00, 62 N)|7 g(0; N)dA > €5 > 0,
GEB(p,H(cp))CﬂBl’I(ln,Go)c7Lp65,nkER/Hk—l | (0, ks A) = fr(Bo, 5 A)|” g(6; N)dA > €3

for some €5 > 0. Then the proof follows setting € = min {e1, €2, €5} . O

Proof of Lemma 1: We only give the proof for kK = 3 and g = 1. Consider first the case of a pure

M A(q) model where all roots are real. In this case, we can write the model for f3 in terms of the

roots ¢, = (cpl, ey <pq) as

q
K .
[3(0 (p0) s K35 A1, A2) = (273)2 (alw;; A1, A2) +ib(p;5 A1, A2))
j=1
where
a(pj; A, A2) = — (goj -1) ((pj —p;cos (A1 + A2) + <p? — p; COS AL — ; cos Ay + 1)
blpj; A1, A2) = —p; (cpj + 1) (sin A7 — sin (A1 + A2) +sin Aq) .
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Note that when ¢; =1 the bispectrum is purely imaginary, whereas when ; takes the values 0 or
—1 it is purely real.

Now, consider the typical element of S, where (without generality, the first) ¢g; = 1,..., ¢ roots are
inverted and the last ¢ — ¢; are kept the same, and denote these new roots as ¢* and any possible

value of the third order cumulant by 3. In that case

q

f3(0(9"), k33 A1, A2) = 2 < AL, A2) +Zb(z /\17>\2)) H (alp; A1, A2) 4+ ib(ps; M1, A2)) -
J=q1+1
Since, for ¢; # 0,
1 . _1 . 1 .
G(E,Al,)\g) = @—?aﬁpj,)\l,)q) and b((pj )\1,)\2) (p?b(@j,Al,)\Q)), (19)
then the LHS of the inequality in (12) is
2

*

KE ) K
(k3 + (pg) (03 A1, A2) + (k3 — ;%)b(%;h,kz)) C(o; A1, Az)dArdAs
J J

oo o 11

Jj=1

® with a and b orthogonal in II2,

writing C(ipg; A, A2) = T_, 1 [(alpy; Ay A2) + (95 A1, Aa)

this can be written as

a1l

2 2
K3 K3
<K3 + 90§> a(gpj; )\1,)\2)2 + <H3 — é) b(cpj; )\1,)\2)2 C(po; A1, A2)dA1d),
=1 J

J

(20)

2
1 q1 /4:; ,
~ (2n) H (H?’ * 3_) /1‘[2 ap;; A1, A2)"Clpg; A1, A2)dArdA;

2
1 q1 K*
T 11 (“3 - é) /n b(pji Ms A2) Clepgi Ay Ao)dAidg
j=1 J

@ . 2 N 2
K K
> I | 4 <H3+30§> + Oy (Iﬁ: _@3») >0,

j=1 J J
for any choice of 3 and all possible k3 because C1,Cy > 0 for all 9; # £1, 5 =1,...,q1.

The previous discussion has considered the case where all roots are real. The basic mechanism
to achieve identification is through relations (19) that show the change in the bispectrum when the
roots are inverted. Note that the complex roots are dealt with considering simultaneously the pairs
of conjugated roots, guaranteeing that the observed process is real (and not complex). In the case
that some pairs of conjugated complex roots appear there is also a relation between the contributions
to the bispectrum when the roots are inverted. Note that for a complex ¢, the contribution to the

bispectrum is

(1= i) (1= ™M) (1= e %) (L= %) (1 gyt ) (1= g e,
(21)
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which, introducing the polar representation of ¢, ¢; = Me™, so that M is the modulus and w the
phase, (21) can be written as, p = cos (w),

(1 — M pe M 4 M2€—ij2)\1) (1 — OMpeiite 4 M2€—ij2)\2) (1 _ 2Mpeij(>\1+>\2) n MQeijQ(Al—i-)\g)) _

(22)

This expression is useful since inverting the roots just involves now inverting M since cos(w) =

cos(—w). Then, it is simple to show that the real and imaginary parts of (22) are respectively
c(M,w, M\, 09) = =1—8M3p® + M® + (M? + M*)(cos 25 A1 + cos2j A + cos2 (jA1 + jAz2))
+(4M*p? + 4M?p? — 2MPp — 2Mp)(cos jA1 + cos jAg + cos (jA1 + 72))

—4M?®p(cos (jA1 — jAa) + cos (jA1 + 25 A2) 4 cos (251 + 5 )2)),
and

d(M,w, A1, \2) : = (M*—= M?)(sin2jA\; +sin2jAy —sin2 (jA1 + j)\2))

+(4M3?p% — 2MPp — AM*p% + 2M p)(sin jA1 + sin jAg — sin (A1 + jh2)).

Now the contribution to the bispectrum when a complex root is inverted is M ~5(c(M,w, A1, A2) —
td(M,w, A1, A2)). So, the contribution of one pair of conjugated complex roots to the LHS of the
inequality in (12) is given by

2

*

KA . K
‘(@, — MS ) (M, w, A\, Xo) + i (53 + Ajﬁ) d(M,w, A\, \2)

)

so identification is achieved similarly given that ¢ and d are orthogonal in II2.
Finally, the extension when considering the inverse roots of an autoregressive component is also

straightforward. Notice that in the general ARMA case the bispectrum has the form

K3 H?:ﬁ(%‘; A1, Az)

f aﬁ;)‘7)\ = 7
3 () R3; A1, A2) (2m)% TE_1 h(j: A1, A2)

where h = a + ib for real roots and h(p;)h($;) = ¢+ id for a pair of complex conjugate roots.
For simplicity in the notation, suppose we invert the AR roots and keep the MA component. In

particular, if p; roots are inverted and the last p — p; are kept the same, then
K3 IT_ A5 A1, Ag)
(2m)2 TP Ay 5 Ar, A)IIE_ L h(d3 A1, )

J

J3(@" K35 A1, A2) =

so that the LHS of the inequality in (12) takes the form
2

p p
ks [ (@5 s A0, x2) = 65 [ (5300, X2) p| dhid)s,
j=1 j=1

1 / I_ (o Ar, A)TIE_ 15 5 M1, Ag)
2m)* S [TE_, 1 A3 A1, A)TTE_ A5 M1, Ag)

and the analysis follows similarly to equation (20) where now

17 A5 Aty A)TIE_ (g5 A, A
C(cp;)q,AQ)— j=1 (‘pJ 1 2) j=1 (% 1 2)

I, (g A, M) T B¢y A, Aa)
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Similarly the same argument follows for the case of autoregressive complex roots, covering as well

the case of all-pass models, and for any k£ > 4. O

Proof of Theorem 2. It follows from the identification provided by Theorem 1 for the objec-
tive functions with £ = 3 and 4, and the uniform converge of the objective function, exploiting
Lemmas Al and A2 in Appendix B and the smoothness of fi (0, kr; A) for ARMA models under

Assumption 1. O

Proof of Theorem 3. We work with (re-scaled) concentrated objective functions using H,TCT(O) but

not depending on any preliminary xj as sz(H),

. il iy o
e
Then
QLLT(Q) _ _? T-1Re {Ik(Aj) - fk(e,/@LT(H_); }\j)} 2 (0, 5l (0); = Ng)
” S |6k (015 29)|°
while
A T1Re{lk(Aj)_fk(e”%LT(‘g)j)‘j)}&ggxfk(@,HLT(H);—Aj)
0000’ ¥ TH T PNCRERIC
L2 T71Re{(’%fk(e?I{LT(a);Aj)%fk(a,/ﬁ:;T(Q);—)\j)/}.
e =1 |¢k(9T;>\j)|2
- 0 i ek (6) Kl (0) -
5980 mrr(0); X5) = (%)kflqbk(ﬁ; Aj) + (2@1@71%(9; )

where ¢, (0; \;) = %(i)k(ﬁ; A;j) so that

o Ot (2T Z L) gy
K/kT(a) - 69’%kT(9) - ( T) = R‘e ¢k(9;‘]>\.])¢k(97 )\J)
with ¢, (05 Aj) = £ log ¢ (6; \;).-

In particular, from Theorem 2 we have that the estimate 67 minimizing L., (6) satisfies

o2 . -1 0 ~
Or — 09 = — <8080/LwT(90) +op (1)> %LMT(GO) (23)
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where we argue, that for any 67 such that HéT — QOH < ||0r — 6], using 1 — 0y = 0, (1),

82 + _ 82 i
WLkT(eT) = 8989/Lw(90)+0p() (24)
o Tt Re { i Ju(0, 50 (00)s A0) 5 110, Lp (00); A)'}+ "
= O
T+ j=1 |¢k Or; j)|2 "
- 2n} Re {0 (60; Aok (00; =)'} dA 1
= W . e {@r(00: N)pg(0o; =)'} dX + oy (1)

2
2k,

where @} (00; A) := @1, (00; 5) —Av[04 (00)], Avlp,(00)] = (27)" ™" [ s 91 (00 X)dA, and
droy = (27r)1"“/ Re {0} (003 N) @i (00; —A)' } dX = k®y, k=34
k-1

Dy

(277)_1/HR6{30%(90; )302 Oo; A }d)\ =2(Pg+P5), k=2,

using from immediate application of Lemmas Al and A2,
#r(00) =k + 0, (T772) (25)

and

Kk

@ [ Relen@0 N} ax+0, (T772) = —miavley(0)] +0, (T772) . (20

’.{LT(HO) =

since [ipo—1 Im {p;,(60; A)} dX = 0, and, uniformly in j,

4 —KEAv
%fk(ao’ khr(B0)i ) = Wﬁbk(@o; Aj) + @)71%(90’ j) +op (1)
= (2:)%%(90;/\-) {0p(00: A5) — AV [01.(00)]} + 0, (1)

= fi(Bo, ks Aj)on (805 Aj) + 0p (1)

This gives the expression for Xy by just normalizing in(QO) by % and eliminating the factors
~2 ~
(gw)lzﬁ in the definition of Lyp.

Denoting f2(A;) = fi(6o, fk; Aj), the terms inside the summation in 80 kT(QO) can be written as

Re { (I(A5) — FRON)) FR(=A1)@r(00; —A) }

(27)
64(80; X7

_ Re{ () = IOW)) SNk Boi =)} {1_ m(eo;mf} (28)
61603 \p)I° |61 03 2)|°

Re { (1) = J2ON) (FR=20)0k 00 =A5) = 5 fu(00, 5l (00): =) }

_ . (20)

|61(673 A7)
Re{(fk(G(hHLT(eO) j) — IS(AJ)) a@f (eovffkT(GO) Aj)} (30)
|0 (673 %) [



Using that
2
|91 (603 Ay)]
- 2
|91(0: A5)]

plus O, (T~!) terms uniform in j, the contribution from (28) to % LLT(GO) is showed to be O, (T!)

=1-2Re{p,(00; )} (60 —6o),

because I (A;) — fx (6o, £&; Aj) is centered up to a factor o ( 1/2) , so that the average is O, ( *1/2)
and 0 — 0y = O, (T~1/?).

Next, we note that

0
PN 60 =) = 55 fe(B0. L (B0) ;=)
= 000 = A1) 0r (001 —Ag) — g (805 — A7) AV [i24(60)]

(2m) (2m)
K'/T /@T .
- g;?)gbkwo;)\j) g;fg)fbk(‘go;)\j)
(+Lo(00) + v (00)]) (shr(00) ~ )
kT kT
= - @n)? O1(0; —X5) — @n? (05 =2)

so using (25) and (26) the contribution of the term (29) to -2 LkT(HO) is O, (T71).
Finally, using (25),

Kk

HT
FelBor o (90): Ag) — FOOA >—<’”(90’—1>fk<eo,nk;xj>

and
a —
%fk(go’”;rﬁ (00); =Aj) = FR(=Ai) ek (B0; —A;) (1+Op (T 1/2)> ,
where the O, (T—1/2) term is uniform in j, we find that the term coming from (30) in %LJIZT(HO) is

2 (Flr(80) = 54) T2 Re {6, (00 A) S Ag)ok (00 ~Ap)}
™ entt H EXCES

T—1 2
— — fk(907ﬁk7 )fk; HS% 00’ )||
+Op T lTl k
( > PRV

(31)

which is O, (T _1) because the first average in (31) converges to a zero value integral,

1 ZR6{¢k 003 X) fR (=) i (Bo; —Xy) }

e 6400 2)
1
= Tk-1 o ZRG{Q% f0; —Aj) }
1 — —
- m/ ei(00; —N)dA+ O (T) =0 (T)
(2m) k-1

as ¢} is centered in 12, and the second average in (31) converges to a bounded integral so this term

is also negligible
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So finally, considering the terms (27),

271
/20 =4 e =2 [ RE {(Ik(}\)
TV gglir(60) = TV 5 (2m)* ! ;Re e

From Lemma Al in Appendix B, we can write

) b6 -2} + 0, 1),

T1/2§6 7(00) = Tl/zT: 2(k . ZRQ{< Ti(Ag) = ki) 9k (60 =) b + 0 (1)

Now we analyze each of the elements in %in(Ho) separately for k = 2,3,4. In particular for

k=3, I5 (A\;) = I5(\j,, Aj,) is the innovations biperiodogram and we can write

T T t—1
1 1
@0 I5(N) — ks = ; (ef = ra) + 7 ;sf ; erdrr (A)) (32)
1 T t—1
+T25tz Er€sg Btrs ')a
t=1 r,s=1

where

Arr (A5) = exp{=i((r —t) Ajy)} +exp{=i((r —1) Aj,)} +exp{—i ((t —7) (\j; + X))}
Birs (X)) = exp{=i((r—t) A, + (s =) Ajp)} +exp{—i((r —s) Aj, +(t =) Aj,)}
+exp {_i ((t - 5) /\j1 + (r - S) /\j2)} .

The first term in (32) does not contribute asymptotically to the distribution of 7/ Z%INJQ;T(GO)
because it is O, (T‘1/2) and not depending on A;, with

T-1

72 ZRe{gpg fo; =)} =0 (T71) (33)
j=1
because Av|[p3(6o)] = (2r) 2 Sz Re {©3(00; A) } dX = 0 by construction.
We can write the second term in (32) as

t—1 0_2 T t—1
ef — o)) e Ap, (N ?Z er At (Aj) (34)

t=1 r=1 t=1r=1

| =
N

where the elements in the average in ¢ of the first term in (34) are a MDS, and noting that jy+j2 # T

the second term in (34) can be written as

52 T T o T 30
?Z Z == ) AN - D e (35)

using that EtT:l exp (itA;) = 0 if j # Omod T and that restriction on j; + jo # Omod T. Note that
the second term in (35) is O, (T~!/2) and does not contribute to the asymptotic distribution of

T2 > Lyr(60) by (33).
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The third term in (32) can be written as

T t—1
e Y (e =07 (= 5H) B O8) (36)
t=1

= r,s=1
t—1

% Soe Y Biw () (37)

t=1 r=1

+

where (36) is the average of a MDS and (37) is equal to the opposite of the first term in the rhs of
(35) noting that By, (Aj) = Ar: (Aj), so they cancel out.

Therefore, we can write

0
T1/2 LT Z 23 ‘ + Op
where z3; is a MDS,
ZS,t = 7T1/2 t — U Z E,,,CT t—p
1 t—1
triac Y (eres = {r=s}) gri—ris
r,s=1

supressing dependence on T in the notation, and

23 1 <=
3
Cry_y = T ZRe{A“ ) e3(00; =) }
T-1
2/4,3 1
9rt—rit—s = 4 T2 Z Re t r,s ) 4)03(007 —Aj )} .
The variance of T1/2z3’t is
t—1 t—1
O'2 (20‘4 + [{,4) Z CTvtfrCQ_r —+ 0-2 (20‘4 + K}4) ZgT,t*T’yt*T‘g/T,t—T,t—r
r=1 r=1
t—1 t—1
+0° Z {gT,tfr,tfsng,t_r,t_s + gT,tfr,tfsg/T,t_s,t_r} + H% Z {CT,tfrgér,t_r,t_r + gT,tfr,tf'r‘C’/]’7t_r}
r#s=1 r=1

. T
so that the variance of ), 23 converges to

Vs = 0% (20" + k) chc; + 0% (20" + K4) Zgj’jg;%j
=0 j—O
+U6ZZ {9, K5kt 95, kg/w} + ’%32 {chJ] +9j.4¢ ]}
=
using that the Fourier coefficients of ¢!, ¢} = (2m) " [ exp (—ijA) 9" (05 N)dA = ! [ Re {exp (i) ' (B0; =) }

(because the parameters are real and the complex contribution is eliminated by the symmetric inte-
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gral), decay exponentially fast for ARMA models without unit roots, and

_2,{3/ {[ exp {ijA} + exp{ijAa} } 1 }

o R - fo: —A) L da

G = Je RO e {—ii Ou + Ay | P3O0 TN
—6:‘%3 1

= J

@n)'”

—2K3 exp {i (JA1 + kX2)}
Yik = e/ Req | +exp{—i((k—7) M +kX)} | ©3(00;—A) p dX (38)
()" S exp {~i (M + (G — k) M)}
= c0(j=k),

with ¢y = 0 because ¢! has zero mean and c¢_; = 0 for j > 0 for causal and invertible processes since

the Fourier power series of ©3(6o; A1, A2) has only terms in positive powers of e”*i. Then

363 3632
> e - g2 [ #1000 0 —an = Ty
oo 27) ol (2m)
and
= 36k3 36k2
> eidy= 73)%/ 01 (003 N (003 \)dX = —3. @
Pl (2m) i} (2m)
where ®§ = 0 for pure causal and invertible processes.
Therefore
oo oo
Vs = o (20" + k4) Z c;cy + K3 Z cic.;
j=—0o0 Jj=—0o0
36kK3
= HSS {0'2 (20’4+I€4) ‘I)()—l-ﬁg(bg}
(2m)

Proof for E;T. We can write

. 2
2 0100 =122

- 7 3 (120 50) — 07) b0 A1) + 0, (1),

where I5()\;) is the innovations (usual) periodogram with
2 re
@0’ I50) —0® = 5D (o) (39)
1 ‘ .
t ey e [exp {=i((r = 1) X))} + exp {=i (¢ =) X))}

The first term in (39) does not contribute asymptotically because it is O, (T -1/ 2) and not depending
on \j, cf. (33).
Therefore we can write
T1/2 9 LT ZZ”JFOP
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where 25 ; is a MDS,
t—1

22t = 77756t E erbri—r,
5 1/2 s
T r=1

and

201 (2 exp{=i((r=t)\)} ] 10
L= DI AT RS}

j=1

so that the variance of T/ 222,75 is
t—1
o*> b,
r=1

: T _ AN 3oy
and the variance of };_, 22+ converges to Vo = 0% > 7 b;b; where

—20? g g
bj = (%)3/ [exp {ij A} + exp {—ijA}] 3 (605 —A)dA
Il
—402 .. .. 1
= W H[GXP{U}\}JF@XP{*ZJ/\}]SD (605 —A)dA
—402 1 1
= ) {vj +o1,},
by = 0, so that,
Vo — 160’8 9 2 - 1, 17 1 17\ __ 160-8 P P*
Proof for I:ZT. We can write
1/2 0 Ft 0,) = 1/2_2 K4 — 3]’5 A 1 O0: —\ 1
T2 g LaOo) =T s 3 Re { (2 15 () = ) G2} + 0y (1),
j=1

where A; = (), Aj,, Aj;) and I§ (A;) is the innovations triperiodogram and

T T t—1
: 1 1
@mPIE(A) — ks = - > (et — ka) + - et eCir (Ny) (40)
t=1 t=1 r=1
1 T t—1 1 T t—1
+ Yo Y ereaDig () + 7 > e reseulhrsu (N)
t=1 r,s=1 t=1 r,s,u=1
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where

Cor(A) = exp{—i((r—t)Aj)} texp{—i((r—1t)A;,)}
b | texp{—i((r—1)A;)} +exp{- ((t_r)(/\J1+/\J2+/\J5))}
exp{—i((t—s)Aj +(—35)Ajo +(r—35)Ajp)}
—|—exp{—i((t{— S)(()\jl +)( )(/\72 +)( )‘}9) Js)}
N +exp{—i((r Aj, + (s
Drrs Q)= o (i (r = ) A + (= 8) Ay + (£~ 5) A,))
+exp{—i((r—1t)Aj; + (s — 1) Aj)}
I +exp{—i((r—t)Aj; + (s —t) Aj)}
exp {—i((t —u) Aj, + (r —u) Aj, + (s —u) Ajy)}
F ()\) _ exp{_i((r_u))‘jl—’_(t u))‘J2+(s U)Ah)}
b A exp{—i((s —u)Aj, + (r—w)Aj, + (t —u) Aj,)}
L exp{—i((u—1)A; +(r—t)Aj, + (s = 1) Ajs)}

The first term in (40) can be written as

L

Fj’ﬂ

t=1

whose first element does not contribute asymptotically because it is O, (

on )\j.

We can write the second term in (40) as

e — 30" — k4) + 307,

(41)

T_I/Q) and not depending

1 X t—1 pon L1
T S (e = k) > eCir )+ 75 DD eCrr (A)
t=1 r=1 t=1r=1
1 X t—1
= 7 Z (5? - ,%3) Z‘QTC” —|— — Zst Z Crt (A (42)
t=1 r=1 t=1 r=t+1
where the summands of the two terms are MDS.
The third term in (40) is
1 t—1
T Z (Ef — 02) Z (ET€S — 0257:5) Dy s (N;) (43)
t=1 r,s=1
0_2 T t—1
—&-? Z (eres — 0%8,=5) Dirs (Aj)
t=1r,s=1
2 t—1 ot T =t
+ > (7 =0*)>  Divr (N) + T SN Divr (A)
t=1 r=1 t=1r=1

where the first element in (43) i

is an average of MDS, and discarding the cases when \;, + A;, =T,

a # b, the second element in (43) can be further decomposed as

0_2 T t—1 0_2 T t—1 t—1
T Z (6t — 0‘2) Dtﬂ,’r (AJ) + T Z&‘,- Z 65Dt,’r,5 (AJ) (44)
t=1r=1 t=1r=1 s#r=1
0_2 T T 0_2 T t—1 r—1 t—1 s—1
= T2 (0% 32 DN+ {TZ {ZETZES +Zas25r}}m,m ()
t=1 r=t+1 t=1 r=1 s=1 s=1 r=1



30_2 T 0_2 T t—1 T
:—7 (83—0'2)4'_?25,5 Es Z {Dr,ts(A)'i‘Drst()\)}
t=1 t=1 s=1 r=t+1

because Z;‘;l Dy (A5) =0 and Dy (A5) = Dygt (Aj), so the first term in (44) is not going to
contribute as does not depend on \; and is O, (T~'/2) while the second is an average of a MDS.

Using the same reasoning the third element in (43) is

[\v]

2

S WERRE)IVESE S JER

t=1 t=1
r;ét

and does not contribute because is O, (T -1/ ?) and not depending on ), since we have discarded
that jy +jo =T or jo +j3 =T or jo + jz =T.
Finally the fourth term in (43) is

o
T2

t=1

IS

M=

IS

T
Dtrr = %23

t=1

S 3
Wl
o+

which cancels out with the second element in (41) corresponding to the first term of (40).

The fourth term in (40) can be written as

T t—1 T t—1

1 H3 Z

T § Et E (Ergsgu - 536r:s:u) Ft,r,s,u j T &t Ft T, A_]) )
t=1 r,s,u=1 t=1 r=1

where the first term is MDS, and, noting that F}, ;. ()\J-) = Cry ()\j) the second term plus the

second term in (42) is equal to

which does not contribute since it does not depend on A;, and is O, (T -1/ ?).

Therefore we can write
T

0
1/2 7t _
T2 Lir (90)—;2’4,t+0p(1),
where 24+ is a MDS with

t—1

4 4

Z47tT1/2 = 7I€3 Zgrcgrl r ?70’2) Z (67"8570267":5) gé“?& rit—s
r,s=1
t—1
4
+o EtZES Z th rt—s T Et Z (Er‘fsgu—’%ér:s:u)bg‘)t Ti—s,t—u
s=1 r=t+1 r,s,u=1
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and

C(T4,)H = T3 6ZRQ{C” ) ¢i(00; —Xy) }
I “zzRe{Dm ) o4 (00~}
S L. ZRe s () + D ()] 21005 —g)}
- 6 ZRe{Ftrsu i) ¢i(00; =Xy}

so that the variance of T1/224,t is

2% + Ky )Z 9(4) g(4)
2 (4) (4 ( r=19Tt—rt—rIT t—rt—r
Jo g Cpy_nC 20" + ky) 4 4
e { 42 Z£s=1 |: ’g’i rt— sg’g’i/rt s+g’g‘1 rt— sg’g’llst r:|

+OSZZ Z th ’I‘tht r’t—s

s=1r=t+1r'=t+1

t—1 t—1
4 4
+0? D D Ellerestu — Aadrmsmu) (eresew = Kabrsmu )|t sim b it

r,s,u=1r"s" u'=1

t—1 t—1
+(304+/€4)Z Z E[Ea (E"'ESEU_K?’(ST:SZ“)]{ '(Zilzf ab'(lil)t rit—s,t— u+bg§3§ rit—s,t—u ’gjlzt a}

a=1rs,u=1

)

where p1g = kg + 155402 + 9k3 + 1505 and the variance of Zt 1% ( converges to

_ 2) ;2§ @) @ pA) s 2 [ () @) (4
Vi = (:“6_“3)‘720]' € ijm G T 30 +’£4) Z{ bJJ] bJJJJ }

§=0
(oo}
= —Ii3 Z 04) (4 30 —|—f<;4) Z 654)0(,43‘/

j=—o00 je—oo
64r2 2 64r2
2 2 4 4 4 x
= —k3) 0 ——5Po + (30" + ka) —5P;,
(o = 153) 7 gtz o ¥ (BT ) yia®S
where c§4) =0 for j < 0 for invertible processes, 054) =0,
@ _ —21@1/ {{ exp {ij 1} +exp {ijA2} +exp {ijAs} } Loa }
G 7 Re y Bo: —A) b dA
’ (2m)” Jus +exp {—ij (M + A2 + A3)} #a(00; —A)
= —8/~€4 / Re {exp (i) ' (00; —A) } dA
_ —8I€4 gpl
(2m)® "™

exp {{—i (12?1 + ()f — ) A2+ (i — k) ))\3)])’}

4 2Ry +exp{—i((l—J) M +Lla+ (l—k)A 1,

bike = onp /H N |+ exp i (€= K) A + (= ) ha + Ag)} | #2005 =) 00X
—|—exp{—i (—f)q —j)\g — k‘/\g)}
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while the limits of gT ;. and dgr)j  are, respectively,
exp{—i (kA + kX + (k—7)As)}
+6Xp{—’i (k)\l + (k — j) )\2 + k‘)\3)}
—2/434 —I—exp{—i (—j)\g —k/\3)} 1
= R . . Oo; —A) p dA
/ig Y| +exp{—i((k—7) A + ks + ks)} ?a00;—A)
+ exp {—Z (—j)q — k)\g)}
—+ exp {71 (7‘]')\1 — kAQ)}
—2/14 exp{fz' (k>\1+k/\2+(k*j) /\3)}
= 5 / Re +exp{—i (kX + (k—5) A2 +kX3)} | ©i(00; =) p dX
I +exp {—i((k— ) A1 +kXa + kX3)} |

S~
>

Il
o
-
=3

.
I
N
o

exp {—i (k= 7) M + (k= 5) A + kA3)}
+exp {—i((k—j) A 4+ kXa+ (k—7) As)}
+exp{—i(jA2 + (j — k) A3)}
+exp{—i (kA1 + (k= j) A2 + (kK — 7) A3)}
+exp {—f{(j)\g + (- k));\:’))}
4 —2%4 +exp —1 ]/\1 +l€)\2 1
d( : - /1-[3 Re exXp {—i (—j)\l — j)\g — k‘)\g)} 4,04(90; _A)d)\
+exp{—i(—jA — kX —jA3)}
+exp{—i((j — k) A2 +jA3)}
—i—exp{—i (—k'/\l —]/\Qj)\g)}
+exp{—i((j — k) A1 +jA3)}
+exp{—i((7 — k) A1 +jA2)}

0if jk£0

so these terms do not contribute, and

o0 2 2
(4) (4 6413 , 64y
C = = o= —=0
E_: (2m)12 =, $ibj (2m)12 0
2 2
(@) (4 64} / 64Ky
c. N - = (= — .
2 G (27r)12 pa PjP—j (27r)12 0
J=—0 J=—00

. . T T . .
The covariance terms, Vj, = limy_.o Cov (thl Zjty D g zkﬁt) , j # k, can be obtained by
similar arguments,

t—

T t—1
V2,3 = /130'2 Z Z {bT,t—rC'/T,t_r + bTJ—?“gé“,t—r,t—r} “+ o0 (1)
t=1r=1
24
= g (0%ka)" (@0 + 2F) +o(1).
(2m)
Next, in a similar way,
T t—1
Vaa = pao® 3> {brerdll, b b} 4 0(1)
t=1r=1

32 .
= W(flm’% (@ + @5) +o(1),
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and

_ 3) (4 3 ",
Ve — 0-2(“5_’%30){6’%17%17—"_;3& rt— 7bg“t rt—r,t— 7} 1
3.4 > 3 ) 3) (a)/ +o(1)
t=1r=1 tlgk3 cTt ro T t—rt—rt— r+th rt— rcTt T
48k3k %
3161 0% (15 — k30?) o + pyrs®s} + 0 (1)
(2)
Collecting all terms in the covariance matrix of z; = (24,24, 2;,) We obtain the asymptotic

variance of g5 w1 (00) and V after adjustment by the factors in the defintion of Lt

To complete the proof of the martingale central limit theorem for the vector z; we have to check
that for any linear combination of elements of z;,

T

2
Z E (Z paza’t> ftfl - p Zpapbva,b (45)
t=1 a

a,b

T 2 2 -
ZE (ZPa%,t) 1 (Z paza’t> >0 — 0 forall § > 0.
t=1 a

a

(46)

to obtain the asymptotic normality of the parameter estimates, where F;_1 = o {z:—1, 2t—2,

)

We give the proof just for 23, pretending that is scalar to simplify notation. First we note that
T

T [t-1 2
Selds] = 1t Y (S
] =1 \r=1
T /-1 2
toi7 ! Z ( Z eres — 0 {r = s}) gT,t—r,t—s)

(47)

r,s=1
T t—1 t—1
—1 2
+263 T N eaerica | Y (eres — 02 {r =8}) grii—ris | »
t=1a=1 r,s=1

where the expectation of the rhs of (47) converges to V3. Then, checking the variance of each of the
three terms in Zthl [z§t| Fi—1] from (47) we find that the variance of the first one is, up to a
constant, equal to

[\v]

T /t-1 2\ 2 T /t-1 2
E T72 Z (Z ETCT’tr> - B T71 Z <Z ETCT,tr> (48)
t=1 \r=1 t=1 \r=1

T T t—1At'—1 t—1At' —1

4rn—2
= 20T E E E CT,t—rCT ' —r E CT,t—sCTt'—s

t=11t'=1 r=1 s=1

T T t—1At'—1

+ (304 + Ky) T2 Z Z Z CQT’FTCQTJ_T.

t=1t'=1 r=1
Now the first term in the rhs (48) is not larger than

204 sup||cT7||T

Z ller,e | Z lezs[l =0 (T71)

r=1t=1 t'=—T s=—T
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because ZstiT lersll = e llesll + O (1) < oo, and the second term in (48) can be showed
similarly to be O (T7') .

The variance of the second term on the rhs of (47) is, up to a constant,

T /it-1 2)? t—1 2
E|T™? Z ( Z (57'55 - 0'2 {T = 3}) gT,t—r,t—s) -E|T7! Z (Z Er€s — 0'2 {’/‘ = S}) gT,t—r,t—s>

t=1 \r,s=1 r,s=1

2

where the first term is

— t'—1 t'—1

—2
E E E E E 9T t—rt—s9T t—a,t—b9Tt' —r' t'—s' T ,t' —a’ ;t' —b’

t,t'=1r,s=1a,b=17",s'=1a’,b'=1
XE [(eres — 0o—y) (€att — 0aey) (eves —0_y) (Carer — 0aiy)],
and the expectation introduces at least 4 restrictions on the 8 indexes r, s, a, b, 7', s’,a’, b’ because to
contribute to the variance they must involve simultaneously primed and not primed indexes because
of the substraction of the expectation squared. Then these eight summations are reduced to at most

four, such as in the particular example where r = r’,s = s’,a = a/,b = I/, which leads to a term

whose contribution is bounded for some positive C' < oo by

t—1IAt —1t—1At —1

o7 Z > S Mgrieri-slllgri-ai—sll lgz.e—re—sll 197 -l

t,t'=1 r,s=1 a,b=1
t—1IAt —1t—1At —1

< Co'T? Z > Z ller—tll llea—ell ler—erll ca—e [ = O (T71)

t,t'=1 r=1

because writing o} (0o; —A1, —Xo) = (2m) > D kae oo XD {7 (k1 g, + k2Aj, )} 93 4, 4, and noting

that up to a multiplicative constant,

exp {i (jAj; + KAz )} oo
grjk = Z Re q | +exp{—i((k—7)A; +kAj;)} > exp{i kg, +kaXi)} 05k,
31,32 1 + exp {—i (j)\jl + (] — ]C) >‘j2)} ki1,ke=—o00
(k1 = —jmodT, ks = —kmodT)

-1 & ’ ‘
R Z ©3 ko ko +0 (k1 = (k — j)mod T, ky = kmod T)
k1,ko=—o00 —1—5 (k‘l :ijd T, k‘Q = (j — k') modT)

(T 1)2 (9011%,7]',*]@ + @é,szl:T,k + <P§7,j7,kiT + wéy*jiT,*k:ﬁ:T 4. )

— T + (@%,k*j,k + @%,kfj:tT,k + SD%,k*j,k:i:T + wé,kfj:tT,fk:I:T + .- )
1 1 1 1

+ (903,j,j—k T3 ixri—k T P35 -kxr T P32 krr o )

(T-1*, 1 1 :
= g (P T s sy ) 0= R)

T-1)° - ,
= % (93— T P3—jarjur T P3—jor—jor) L+ O(T71)) 8(j = k)

= 0(c)0(j=k)

uniformly for |j|, |k| < T, since from (38) cp‘%’j’j is proportional to g_; —; = ¢;, gjr = 0 for j # k and

llcj|l decays in j exponentially fast since ¢} is analytic.

34



The variance of the third term in (47) can be showed to be also O ('), so (45) follows.

To check the second condition (46), we just check the sufficient condition

T
ZE [z;t] < 00.
t=1

Just considering the first term of 234, its contribution to Zthl E [zgl,t] is

1 T t—1 t—1
Z 2 2\4 Z
ﬁ E {(Et -0 ) :| T E [57“1 CTt—ry """ ET’4CTJ§—T‘4]
t=1 r1=1 ra=1
4 4
304 E [(53 —0?) } t—1 t—1 KsE [(53 —0?) ] T -1
— 2 2 + 4
- T2 cT,t—T'l CT,t—Tg T2 CT,t—T'l
t=1 T1:1 ’I‘2:1 t=1 T1:1

= o)

and a similar proof holds for the other components in z§‘7t, and in z;, completing the proof of the

theorem. O

Proof of Corollary 1. It follows from the proof of Theorem 2 noting that from (23) and (24) the

asymptotic variance of Hg’ ) is

K3 - K3 - af -1 —1g*gp—1
6(27T)4<I>0 Va 6(27T)4¢0 = ;%{2+V4}<I)O + @, PP,

24+vy | o1 R
{ 7 }‘I)o + &, 5P, -,

2+4+v4 = py—1, which is positive definite noting that ®g is positive definite, ® is positive semidefinite,

vy > —2 and v3 > 0 by assumption. Then the asymptotic variance of 9;? ) follows as

ot - ot - —1 —1
4@@0 ‘/2 4W(b0 == ‘bo ((bo + @6) ¢O 5

and the asymptotic variance of ;fl ) is

-1 -1
2 2 . 2
Ky Ry He — V3 x—1 -1 PR e ——
(%w%>”@@w® a AR OROR R

where fig = vg + 1003 + 1504 4 15, while the covariances follow by immediate calculations,
Lot -1 62 -1
ACow (082,68) = | 25 (@0 +@0) | Vas [ g0 ) =g,
(2r) (2m)
just sustituting the value of V5 3, and similarly,
-1 -1
40t 8k3
ACov (9;?), 95@) = LQ (®o + ®p) Vaa %@()
(2m) (2m)
I

o Mg1 Py
= =0, =—90,",
K4 vy
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and

—1 —1

2 2

(3) @) _ 6r3 8K
ACov (eT ,9T) = ((2@4@0) Vg ((%)6@0)

2
2 [ M5 — K30 -1, Mag—-1g5+5-1
= el K — o, 05D
o ( pr ) o t+ oy 0 P0%0

Vs + 98\ -1 | Py g 1wl
= |— @ =0, D D,
(y3y4>0+y40 0%o
O
APPENDIX B: AUXILIARY LEMMAS
Define for k = 3,4 the following fundamental sets Ay of frequencies in II*~! = [—7, W]k_l where

higher order periodograms can be defined uniquely and usual orthogonality properties of discrete
Fourier Transforms are preserved. The set Az is the closure of anyone of the 12 equal-area triangles in
which the hexagon Q3 defined by the restrictions |A; — A2| < 27 and |2A, + Ay| < 27 for a,b= 1,2,
a # b can be cut by the lines Ay £ Ao =0, Ay + Ao = A1 =0 and A; + Ay = Ao = 0. We can take the
one defined by 0 < Ay <7, Ay < A1, Aa < 2(7m — Ap).

The set Ay is the closure of anyone of the 48 equal-volume tetrahedrons in which the 12-face

polyhedron (rhombic dodecahedron) @4 with volume 873, defined by the system of inequalities

Ae —X] < 27, a,0=1,2,3, a#Db,

[Aa + X +2X] < 27, a#b#c#a,
can be cut by the planes
At = 0, a,6=1,2,3, a#b,
M+X+A3+A, = 0, a=1,2,3.

For k = 2, A, is composed of just [—m, 0] and [0, 7] . See Alekseev (2010) for details.

Let for any bounded function g and for k = 2, 3,4,

T-1

1
g = Tl/zﬁ Z Loy 5 A )g(Ngns 5 A y)

JiyJk—1=1
and for any bounded scalar function g and the periodogram I} of order k of the innovations &,

T—1
1
Brr = Tl/sz_l S N N DS A )9 )

Jir s dk—1=1

LeEMMA A1l: Under Assumptions 1 and 2,
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E|ags = Bir| = O (T7/2108" T).

Proof of Lemma A1l. Write for k = 3,

(271’)2T-I3( ]1’ J2)¢3( le ):U()‘jl)v()‘h)v()‘*ﬁ*jz)

where v () = w® () #(A) and w5 (A) is the innovations discrete Fourier transform so that by the

triangle inequality we can see that E |ar — S| can be bounded by

1/2
T2 ol ST ) o0} 0 () (A 900 As) (49)

( Ji,g2=1
plus two similar terms depending on {w (Aj,) — v (Aj,)} v (Aj,) w (—=Aj,+j,) and
{w (=Aj,4j.) —v(=Aj45.) v (Aj,) v (Aj,). By the triangle inequality we can restrict ourselves to

frequencies within one of the fundamental triangles Aj. Expression (49) then is bounded by

cT'/? Z Z |: y {w ()‘j1) -v ()\jl)}w ()‘jz) w (_)\j1+j2) ()\JN)\ ) ()\kla)\kz)

@m)° T3\, T2, i, =) = U (= Ak ) F w (= Ak) w (A 4z
(50)
Then, expanding the product {w (A\;;) — v (Aj,)} {w (=M, ) — v (=g, )} and multiplying the four
terms by w (Aj,) w (=Aj 44.) W (= Agy) w (A, +k,) We can calculate the expectations using Lemma
A2 for both Y; data and e; with flat spectrum of all orders. Then the main terms of non negligible
contributions cancel out up to approximation errors, which require two restrictions among the in-
dexes j1, jo, k1, ko in the products of moments of w involving cumulants 3, just one restriction for
contributions involving kgk4 or k3, and none for terms involving #g. Then the magnitude of (50) is

1/2
CT1/2

(2m)? T3

log® T
T

log T log® T
Z Z T3%5 {2 restrictions} + T2 OgT 0 {1 restriction} + T
J1,J2€A3 k1,k2 €Az

0 (1752 (T"10g° 7)) = 0 (1" 10g° 1)

which proofs the lemma, since other terms could be dealt with similarly. The proof for k = 2, 4 follows

similarly. O

LEMMA A2: Under Assumptions 1 and 2, uniformly for ()\ju ey )\jk—l) €Ay, k=2,3,4,
B[ (s A )] = Je oA, ) + 0 (T 10gh ! )

and for A\j, + -+ Aj, # Omod 27

2 Tcumk [wA,),...,w(N,)] =0 (T_1 logh ™! T)
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If v (A) = w® (A) ¢(A), and denoting by u either v or w, for (X;,,..., N, ;) € Ag,

1

mE[u()\jl) cw (=N )] = Fe Mgy Ay ) + O (T—llog’HT)

and for Aj, +--- + A;j, # Omod 27,

1

mcumk [w(Ny),.-,u(X,)] =0 (Tfl logk_l T) .

Proof of Lemma A2. Noting that for ARMA processes without unit roots all existing spectral
densities are differentiable and (finite) cumulants satisfy any summability condition, these results
are an extension of Lemma 2 in Delgado, Hidalgo and Velasco (2005) using arguments in Theorem

2 in Robinson (1995) to higher order cumulants, cf. Theorem 4.3.2 of Brillinger (1975). O

APPENDIX C: ASYMPTOTIC EQUIVALENCE BETWEEN MD ESTIMATION
WITH Loy AND WHITTLE ESTIMATION

In this Appendix we show that the estimator based on minimizing Lar (6, k2) is asymptotically
equivalent to the Whittle estimator under invertibility and causality, which is asymptotically equiva-
lent to the maximum likelihood estimator in the Gaussian case. In addition, our estimator is efficient
in the sense of Kumon (1992) (that is, in the invertible case, it achieves the minimum variance that
an estimator that belongs to the generalized Whittle-class proposed by Kumon can achieve).

Next, we show that for a particular case, when k3 = k4 = 0 and the process is invertible, the
proposed Lo—estimator has optimal asymptotic properties in the sense that it is asymptotically
equivalent to the efficient Whittle estimator defined by minimizing the Whittle Likelihood (an ap-
proximation to the Gaussian likelihood), see Whittle (1953). Recall the Whittle function

Lwr(0, k) = Zlogf (0, k2 2)) + Z 7 0 Y (51)
=1 )

- log( ) Z 9/{2, )

where we assume that the second equality holds in finite samples using that f : log ¢5(0; A)dA =0
for all # under invertibility and causality of the ARMA parameterization.

Note that ko can be also concentrated out of the objective function, so that



that coincides with (14) for the k = 2 case so that estimation of # and ko can be conducted then

separately because and
. 0 Aj
far (00) = oo (00) = Z Sl ) = 0y (1)

since p4(0g, A) = % log ¢4 (6o, A) integrates to zero in IT and the properties of the periodogram, cf.
Lemma A2.

The asymptotic equivalence between estimates is simply shown by checking that the score and
Hessian of both problems are asymptotically equivalent. Then, on the one hand the normalized

score with respect to 6 corresponding to Ly, is

1 1) (9/08) f(Bo, k2 N)) .
Swr (0o, k2) = _T,z_:f(eo,n;;/\j) o) 2.+ op (T 1/2)
— I .
= Zm‘»OQ(aOa)‘")JFOP (T 1/2>.

On the other hand, the normalized score with respect to 6 corresponding to the minimum distance

Lo-estimator based on minimizing igT(G, K2) is

S2T(90) T Z ( 9T9(:2:127;\(§;)) >\ )) aagf(e HQT (9) )\,) +op (T—I/Z) (52)
T-1
- T ; < 907’%2’)\ )> 0o (bo; Aj) +op (T‘1/2>
= S T Oo; \j T—1/2
= f ()\ ) ( 05 )+0P( )

<.
I |

using that kor (8p) = k2 +Op (T‘l/z)7 kot (60) = Op (T_I/Q) and preliminary consistent estimates
01 and For, following the proof of Theorem 2.

This shows that both objective functions have asymptotically the same score up to error 7—/2
when evaluated at the parameter true value. Then, the same arguments can be used to show

the asymptotic equivalence of the respective Hessian functions in a neighborhood of 6y and of the

corresponding estimates up to terms op (T‘1/2) .
APPENDIX D: PROOFS OF LEMMAS 4, 5 AND 6

Proof of Lemma 4. For pure invertible and causal models, ®; = 0, the AVar of an estimate using

only second and third moments with (wq, w3, ws) = (1,ws3,0) w.lo.g., is

1+3w3u§+9w§u3( 1 1)
P

2
V3

1+ 3wsr3 + Jwiv} 0
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where the factor in front of @al is always larger than 1 if w3 > 0 because jiy — 1 =2+ v, > v2 > 0,
see Rao (1973, p.143). O

Proof of Lemma 5. For an estimate using only second and fourth moments we could check for

wa, w3, wq) = (1,0,wy) w.l.o.g. that the AVar is
g

zu 4f V2 _ _

1+ dwyvits + dwiviters o1 L+ Awavafi + 4wivy (pg — v3)

ot
1+ 4w41/4 + 4w4y4

1+ 4w41/4 + 4w4u4

where 04 = 483 — 1 4 B > 1if vy > 0; < 0.5 if vy < 0, and fig — v3 > i > vi. Therefore if
v4 > 0, then using Ly reduces efficiency, but if v4 < 0 it can increase for some values of wy.

The problem of minimizing the variance can be written as

1+ 4“}4”421 (1 + ) + 4w41/4”5y v3
min =

w4 €[0,00) 1+ dwyv? + dwivy

so the FOC is

3
0 = (1 + dwyv? + 4w41/4) <4y4 (1 + ) + 8w4y4ﬂ6 : >
Uy vy

3 2
(41/4 + 8w41/4) (1 + dwyv? (1 + ) + dwlv 4M623> ’
V4 v

whose solutions for v4 # 0 are

3 11 2 3 2
{61/3—}-2»2—21/4#6-&-21/%1/47 2v32 } if 6v; + 2vy — 2uap + 2514 #0

_ 1
21/3

if 607 + 203 — 2v4u6 + 20304 = 0.

So if we disregard the simple solution 72% because is always negative, we obtain the solution
4
provided given the denominator is not zero.
If we assume that v4 < 0, then wl > 0, then the denominator is always positive since it is equal
to

203 (3 4+ v4) — 204 (1 — 1) = 203 (3 — [val) + 2wl (g — 13)

and all factors are positive, where jig — 3 > 17 > v > 0 and 3 — |v4| > 1 > 0 since —2 < v4 < 0.

To explore whether v, > 0 is compatible with efficiency gains we can alternatively consider linear

(2
combinations of estimates, 70;) +(1— )9;), v € [0,1], whose asymptotic variance is proportional
to
— 2 —
2 fig — V i
VA= T A=)
which is minimized by
He—V3 Hy {/_‘671’3 1} _ 3
V= v3 vy - vy vy
Ns;{s 2/;4 +1 {I“LGV_EV;} 1} _ 2%
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where the terms in brackets are always positive. If v4 < 0 then v* € (0,1), so there are efficiency

gains by using Lo, but if v4 > 0 then ~* > 1. O

Proof of Lemma 6. Consider estimates which only use higher order moments, (wsg,ws,wy) =

(0,1, w4), whose asymptotic variance is

fiy—1 fig—v3 fis—
9,4 +4wiyi#6 v3 +6’LU4V§V2/J" V3

473 2 v? 4 v3vy 1
(é 2 + 9 2)2 0
5V3 wavy
and the foc of its minimization with respect to wy is
3 5 2 ale — V3 2 2Hs — V3
0 = | zvg+ 2wy | | Swavy s + bvzvi———
2 vi V3ly

2
3 vy Valy

9 4py—1 fig — U2 O —
403 (m P B 4 w2 ) ’
with solution
3v3 — 3vsvy — 3vdus + 3uuvsva

4V31/i — 4,u51/?1 — 4y§1/4 + 4V31/4p67

wl =

when the denominator is different from zero. The numerator is

3 (v3 — vava — Vifis + figvava) = 3{vava(fiy — 1) — v (s — v3)}

= 3ug{va(y —1)— 93} — 3v3v;
because fi5; = vs + 10v3, while the denominator is

4 (vsvi — sV — v3va +vavaig) = 4{vava (g — v3) — 3 (s — v3) }
= 4us {1/4 (ﬂ(s — 1/%) - 91/3} — 4ivs.

so that when v5 > 0 and v3 > 0 w.l.o.g., both terms are negative because jig — 3 > 0 by Cauchy-

Swartz inequality, and wl >0.0
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