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In the presence of endogenous regressors, threshold parameters are usually
estimated by 2SLS. In this paper, we propose two tests for a threshold, both
based on 2SLS estimation: a sup LR test and a sup Wald test. We derive
their asymptotic distributions for a linear and a threshold reduced form. In
both cases, the asymptotic distributions are non-pivotal, and we propose
obtaining p-values via methods similar to the wild bootstrap.

We show through simulations that our 2SLS-based tests behave well in
large samples, both in terms of size and power, whether we have a linear
reduced form or not. In small samples, both sup Wald tests are oversized,
while the sup LR is correctly sized. The size-adjusted power of all tests in
small samples is nontrivial for a moderate threshold size, both for a linear
and for a threshold reduced form. We illustrate our tests via an empirical
application in which we investigate whether the government spending mul-
tiplier is larger in regimes where the nominal interest rate is close to the
zero lower bound. All threshold tests suggest no evidence of an interest rate
threshold.
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1. Introduction

Threshold models are widely used in economics to model unemployment, output, output
growth, bank profits, asset prices, exchange rates, interest rates, to mention just a few.
See Hansen (2011) for a survey of many economic applications.

Pioneered by Howell Tong - see e.g. Tong (1990), threshold models with exogenous
regressors have been widely studied for more than two decades, and their asymptotic
theory is well known - see a.o. Hansen (1996, 1999, 2000) and Gonzalo and Wolf (2005)
for inference, Gonzalo and Pitarakis (2002) for multiple threshold regression and model
selection, Caner and Hansen (2001) and Gonzalo and Pitarakis (2006) for threshold
regression with unit roots, and Seo and Linton (2007), Lee et al. (2011) for discrete
choice models.

Regressor exogeneity is known to be violated in many economic applications. Nev-
ertheless, papers on threshold regression with endogeneity are relatively scarce. They
were pioneered by Caner and Hansen (2004), who show that when the threshold variable
is exogenous, but the regressors are endogenous, the threshold parameter can be esti-
mated by maximizing a two stage least squares (2SLS) criterion over the values of the
threshold variable encountered in the sample. Caner and Hansen (2004) also propose a
2SLS likelihood ratio (LR) test of the null hypothesis that threshold is equal to a certain
fixed value.

In this paper, we are interested in a different null hypothesis, of no threshold against
the alternative of one threshold. Since threshold estimation is done via 2SLS, we propose
a 2SLS-based LR test for the presence of a threshold. For each possible threshold value
v, we compute an LR test of the null of no threshold against the alternative of one
threshold at 7, and the resulting test statistic, sup LR, maximizes the sequence of tests
over 7. This test is the 2SLS equivalent of the sup LR test of Davies (1977) and Hansen
(1996), and is also known as the sup F test in the break-point literature.

We also propose a 2SLS counterpart that is robust to heteroskedasticity, the sup Wald
test. To our knowledge, this is the first paper that proposes such tests and derives their
asymptotic distributions in threshold models with endogenous regressors.

As in Caner and Hansen (2004), we consider two cases: case 1, the first-stage of the
2SLS regression (call it reduced form) is a linear model, and case 2, it is a threshold
model itself, possibly with a different threshold parameter than the second stage. We
show that the null asymptotic distributions of the sup LR and sup Wald tests depend
on the data and on the case considered. In both cases, p-values can be computed by
straightforward simulations. Unlike in the classical hypotheses tests, when testing for
an unknown threshold, heteroskedasticity-robust sup Wald test do not have a pivotal
null distribution. That means that correcting for heteroskedasticity does not necessarily
result in better size properties for the sup Wald test compared to the sup LR test.

The properties of both tests are studied via a simulation study. p-values are generated
via a simulation method that resembles wild bootstrap and is similar to the one proposed
in Caner and Hansen (2004) for GMM sup Wald tests, and in Hansen (1996) for OLS
sup Wald tests. We find that even in the presence of heteroskedasticity, the 2SLS sup
LR has better size than both the 2SLS sup Wald and the GMM sup Wald proposed in



Caner and Hansen (2004). This holds for both linear and threshold reduced forms. As
the sample size grows large, all tests approach their nominal sizes. They all exhibit good
power properties for moderate threshold shifts.

Our paper is closely related to two papers in the break-point literature - Hall et al.
(2012) and Boldea et al. (2014). Both papers study 2SLS-based sup LR and sup Wald
tests for a break, the first one for a linear reduced form, the second one for a reduced
form with a break. The asymptotic distributions for the break-point tests are pivotal
in the first paper and depend on the break in the reduced form in the second paper. In
contrast, we find that the asymptotic distributions of the threshold tests are non-pivotal
in both cases, a linear or a threshold reduced form.

It should be noted that we allow for endogenous regressors, but not for endogenous
threshold variables. For the latter, see Kourtellos et al. (2013). Also, to account for re-
gressor endogeneity, we make use of instruments for constructing parametric test statis-
tics for thresholds. As a result, our tests have nontrivial local power for O(T~'/2)
threshold shifts. This is in contrast with Yu (2013), who does not use instruments, but
rather local shifts around the threshold to construct a nonparametric threshold test. As
a result, his test covers more general models, at the cost of losing power in O(T~" %)
neighborhoods.

We illustrate our tests via an empirical application in which we investigate whether
the government spending multiplier is larger in regimes where the nominal interest rate
is close to the zero lower bound. We find strong evidence for a reduced form threshold,
but all threshold tests for the equation of interest suggest no evidence of an interest rate
threshold that would induce different government spending multiplier regimes.

This paper is organized as follows. In Section 2 we present the model as well as
estimation and testing strategies. Sections 3 and 4 provide an asymptotic framework
for the proposed test statistics. Section 5 compares our tests to the existing GMM sup
Wald test. In Section 6 we illustrate the small sample properties of all the tests via
simulation. Section 7 contains the empirical application. Section 8 conclude and Section
9 contains all tables and graphs. All proofs are relegated to the Appendix.

2. Model

Our framework is a linear model with a possible threshold at ~°:

Y = (ZtTe?z + xl‘ﬂ?m) ]]'{Qtﬁ’}’o} + (ZtTegz + xirtegz) ]]'{(It>’yo} + €

- w;re(l)]l{thVo} + w;rgg]l{%VYO} + €t

Here, y,; is the dependent variable, z; is a p; X 1-vector of endogenous and zy; a ps X 1-
vector of exogenous variables containing the intercept, and w; = (2, 2z{,)". We set
p1+p2 = p. Also, ¢, is the exogenous threshold variable and 14, denotes the indicator
function on the set A. Furthermore, fori = 1,2, 69 are p; x 1-vectors of slope parameters
associated with z;, 09 are py x 1-vectors of the slope parameters associated with z1; and
7% € T is the threshold parameter where I' = [7,7] is its compact support. For testing,



I' is assumed to be a strict compact subset of the support of the random variable g¢;.
Note that the second equation is just a more compact way of writing the first, with
wy = (2,21, " and 69 = (097,097)7 being p x 1-vectors of the structural form slope
parameters, for i = 1,2. We assume that z; is endogenous, that is, El¢] = 0 and
E[z:6;] # 0, and strong instruments x; are available.

As in Caner and Hansen (2004), we consider two different specifications for the reduced

form equation: a linear reduced form (LRF), given by
2= 1T 2, +
and a threshold reduced form (TRF) given by

2 = H?T$t1{qt§p0} —+ Hngt:ﬂ.{qt>p0} + Ug.

In both specifications for the reduced form, x; = (z{,, z4,)" is a ¢ x 1-vector containing

Ty, with ¢ > p, so let ¢ = po + ¢;. That is, x; includes the exogenous variables from
the structural form (or the equation of interest) above. Here, I1°, TIY and IS are ¢ x p;-
matrices of the reduced form slope parameters and p° € I is the reduced form threshold
parameter, possibly different than 7°, with the same support I'.

As common in the threshold literature, we assume that ¢; and u; are martingale
differences, i.e. Elg|§:] = 0 and Elw|F] = 0, §F = o{qi—s, Tt—s, Ut—s1,€—5-1|S >
0}, and (x],z )" is measurable with respect to §;. This assumption implies that the
threshold variable ¢; is exogenous, and so are the instruments x;.

Write the equations above in matrix form. To do so, define the partitioned matrices:

X7 = (x:]l{QzSp})tzl,...,T Xy = (xz—ﬂ{Qt>P})t:1,...,T

Wy = (w;r]]'{th’Y})tzl,...,T Wy = (th]l{th})t:L...,T'

Also, let Y, X, Z, € and u be the matrices stacking observations t = 1,...,7T. Then the
linear reduced form can be written as:

7 = XII° + u,
and the threshold reduced form as:
Z = X0 + X2 + u.

The structural form equation (the equation of interest), in the presence of a threshold
parameter 7, is:
0 0
Y =W 60+ W) 09+ e

3. Tests for Linear Reduced Form

We are interested in testing for the presence of a threshold, Hy : 67 = 65. The fact that +°
is usually estimated by a 2SLS procedure in parametric models - see Caner and Hansen



(2004) - motivates us to look at 2SLS-based test statistics, rather than the GMM-based
test statistic for the same hypothesis in Caner and Hansen (2004). We defer an extensive
discussion of the relative advantages of the 2SLS-based versus the GMM-based tests to
Section 5. For now, it suffices to notice that the GMM-based tests ignore information
about the reduced form (whether it is a threshold or not), while the 2SLS-based tests
use this information. Using valid information can result in an increase in efficiency of
parameter estimates and accuracy of 2SLS-based tests. This intuition is confirmed by
simulations in Section 6.

We propose two test statistics for Hy, the sup LR and the sup Wald tests. For both
tests, we assume in this section a linear reduced form (LRF):

7 = X1I° + u, (3.1)

which we estimate by ordinary least-squares (OLS), so Il = (X T X)X T Z. We estimate
the structural form:

Y =W 60+ W, 60 + e, (3.2)
with 7Y replaced by each possible v € I'. Note that 4" is a nuisance parameter that
shows up only under the alternative Hy : 69 — 69 # 0.

As mentioned, for constructing the test statistics, (3.2) is estimated by 2SLS. To that
end, we define the predicted endogenous regressors as:

Z=XIM, W= <Z X1> : (3.3)

.....

In the second stage, for each v € T, we obtain the 2SLS estimators of 6%, 63:

i — (W;Wy)l (W7y) (3.4)
iy — (W;TW;)_l (W;7Y). (3.5)

Note that because the predicted regressors W are already partitioned according to
L{g.<~}, We have I/VJTY = VV?TYZ-, for i =1,2.
The first test statistic we propose is a sup LR test in the spirit of Davies (1977):

SSRy — SSRi(7)
sup LR?5LS = su 0 ! ,
up L er () = S0 g (/T — 29)

where SS Ry is the 2SLS sum of squared residuals under the null hypothesis and SSR; ()
the 2SLS sum of squared residuals under the alternative, that is:

(3.6)

SSRy= (Y —WO)T (Y —W6),
SSRi(y) = (Y7 — WD) T (Y — W0)) + (Yy — Wi 63) T (Vs — W563),

where § = (WTW)"'WTY is the full-sample 2SLS estimator.



Note that if v was known, this would be the usual LR test. The only difference is
that because 7 is unknown, we consider the maximum of a sequence of test statistics
depending on 7, the sup LR test.

A similar OLS-based sup LR test was proposed for threshold models with exogenous
regressors in Hansen (1996). A scaled version of it is known as the sup F test in the
break-point literature - see Bai and Perron (1998) for OLS and Hall et al. (2012) for
2SLS.

For testing Hj, we also propose the heteroskedasticity-robust version of this test, the
sup Wald test:

A~ A~ T —_— _1 ~ ~
sup Wi (7) = sup |07 03] [Var()| |07 — 03] (3.7)
verl yer
where:
Var(y) = Var(6]) + Var(63)
Var(0)) = (W TW) By () (W W) for i = 1,2,
T T
Hyi(vy) = Ze?wtwt Ligi<}s H2 Z twt—r:ﬂ-{qt>7}-
=1 =1
Note that here, & = 1y — 1y ] Li,<yy — W] 031(<,y are estimating the true 2SLS

error terms e; = € + (wy — W) 00 1qg<4y + (wy — W) "091¢g, 51, and not the original
(structural) errors ;. We do not robustify against autocorrelation, because errors ¢, and
u; are assumed to be martingale differences. As mentioned in Caner and Hansen (2004,
pp. 815), the martingale difference assumption is needed for identification of nonlinear
models such as threshold models, and cannot be easily dropped.

Note that the sup is taken over v € I, a strict compact subset of the support of the
random variable ¢;, which we take to be included in [yyin, Ymax]- The end-points of this
interval can be (minus and plus) infinite. But we take I' to be bounded away from the
minimum and maximum ¢; values observed in the sample. In practice, the end-points
of T are the upper and lower 15% quantiles of the empirical distribution of ¢;, to have
enough observations to compute 97

The sup Wald test above was proposed in the break-point literature with endogenous
regressors by Hall et al. (2012). However, in Hall et al. (2012), its asymptotic distribution
is pivotal in the case of a LRF. Below, we show that for thresholds, the asymptotic
distributions are non-pivotal even for LRF. To see that, define

Ml(’}/) = E[l'tx;rl{qté’y}]’ M = M(VmaX) = E[xtxt] and M2( ) M — M1(7)

as the second moment functionals of the instruments ;.
We impose similar assumptions to Caner and Hansen (2004) below:

Assumption A.1. 1. Let vy = (e, u] )" denote the compound error term. Then
E[’UA-S%] = 0
with § = U{xtfs; Vt—s—-1, Qtfs|8 > 0}~



2. The series (eq,u, ), 2, q))" is strictly stationary and ergodic with p-mizing co-

efficient p(m) = O(m™*) for some A > 45 and 1 < a < 2. Also, for some
b>a,

sup Elz[[3” < 0o, supEflv[Jy” < oo,
t t

with || - ||2 being the Euclidean norm, and in£ det M;(y) > 0.
e

3. The density of vy is absolutely continuous, bounded and positive everywhere.

4. The threshold variable q; has a continuous pdf f(q;) with sup |f(q)| < oo.
t

5. The variance of the compound error term vy is given by
E[vw, ] = %,
which is positive definite.
6. Assume I1° (LRF) or 19,113 (TRF) are full rank.

As discussed before, A.1.1 is needed for threshold models, and it excludes autocorrela-
tion in the errors. However, general linear dynamics are allowed in both the equation of
interest and the reduced form. A.1.2 is standard for time series and is trivially satisfied
for many cross-section models. However, it precludes nonstationary processes. A.1.3
is needed in the TRF case in order to make asymptotic statements about the reduced
form parameters in the spirit of Chan (1993). A.1.4 requires the support of ¢ to be
continuous; if it is discrete, the search over I' is easier to perform, and in practice it
is likely that the researcher would know the threshold. A.1.5 allows the errors to be
conditional heteroskedastic and finally, A.1.6 is the usual strong instrument assumption
on X.

Although the assumptions we use are standard, to our knowledge, this is the first
paper that derives the asymptotic distribution of the sup LR and sup Wald tests above.
To write the asymptotic distribution, define

gpmat,l (’7) and ngat

as ¢ X (p1+1)-matrices where all columns are ¢ x 1 zero mean Gaussian processes such that
the covariance kernels of GP1(7) = vec(GPmat1 (7)) and GP = vec(GPmat) are given by
E[(vev] @ xtx:)]l{qtgv}] and E[(vv] ® z,2])], respectively, and GPrat = GPmat.1(Ymax)-
Next, let
A =10, 87T

be the augmented matrix of the reduced form slope parameters, where S = [I,,, 0p,%4,]
I,, is the py X po-identity matrix and 0p,x4 & p2 X ¢ null matrix (p2 + ¢ = ¢q). Thus,
x1; = Sxy. Define the matrices

Ci(v) = A°Mi (1) AT, O =Ci(Ymax) = A°MA"" and  Di(y) = C'Ci(y),



and the Gaussian process:
Bi(7) = A” |GPumata () 02 = Mi(7) M 'GP oo 6
where 89 = (1,097)T and 6% = (0,6°T)7. Finally, let:

E(Y) = CrH (MBi(y) — C3 ' (7)Ba(v)

where By(y) = B — Bi(y) with B = By (Vmax) and Co(y) = C' — C1(7).
Then the null distribution of both tests with LRF is stated below.

Theorem 1 (Asymptotic Distributions LRF). Let Z be generated by (3.1), Y be gen-
erated by (3.2), and Z be calculated by (3.3). Then', under Hy and Assumption A.1,
(7)

ET(NC(nCICLI(EN)

2 Y

sup LR7 ) zp(7) == sup

~er ~ver o
2 _ 2 T 90 4 gOTy 90
where 0 = o7 + 23,07 + 0, X.0;, and

(i)

Sup Witie(v) = sup ETMNICT () Hi(7)CT () + C (1) Ha (1) G5 ()] 1 E ()

where
Hl(V) = AOE["L‘tl’:(Et + ujeg)Ql{qtév}]AOT

and
Hy(vy) = AOE[mtth(Et + utTeg)Q]l{qp'y}]AOT-

We note that in both cases, the asymptotic distribution depends on second moment
functionals of the data and the parameters in the reduced form. Therefore, the asymp-
totic distributions are not pivotal, but can be simulated via similar techniques as pro-
posed in Caner and Hansen (2004).

We also derive the distribution of sup LR and sup Wald under the usual conditional
homoskedasticity assumption:

Y X
Efvw, |z, q] =% = (2 i“) .

Assumption A.2.

As illustrated below, we still obtain non-pivotal asymptotic distributions even when
the errors are conditional homoscedastic. But, as expected, under conditional ho-
moscedasticity, the Wald and LR tests and asymptotically equivalent.

l— denotes weak convergence in the Skorokhod-metric.



Corollary 1 (to Theorem 1). Let Z be generated by (3.1), Y be generated by (3.2), and
Z be calculated by (3.3). Then, under Hy, and Assumptions A.1 and A.2,

(¢)

ET()C(v)C'Ci(v)EM)

2

25LS
sup LR L rr(7) = sup
~er ~ver g

where 0% = a + 207 99+ QOTE 90 and

(ZZ) (S A
- B X
sup W25, (7) = sup & (7)02(7)02 CGi(MEM)
~el ~vel g

where ﬁ?matyl(’y) is a g X (p1 + 1)-matriz where all columns are independent q x 1
zero mean Gaussian processes with covariance kernel® Ml( ), Q is the prmczpal square
root of ©, £(7) = Cy'(MBi(7) — C5'(NBa(v), and Bi(y) = A%(GPumar1(7)Q0° —
My (1) MG Pt Q67

Only when the regressors and threshold variables are independent, the asymptotic
distributions are pivotal.

Assumption A.3. The threshold variable q; and the vector of exogenous variables x;
are independent. i.e.
qt 1 Tt Vt = ]_,2, ,T

Assumption A.3 excludes, for example, cases in which the threshold variable ¢; is part
of the set of instrumental variables or exogenous regressors x;, and is quite restrictive.
However, it mimics break-point models, where the threshold is time, or more exactly, a
fraction of the sample size, t/T.

Corollary 2 (to Theorem 1). Let Z be generated by (3.1), Y be generated by (3.2), and
Z be calculated by (3.3). Then, under Hy and Assumptions A.1, A.2, and A.3,

BB (\BB,(\)
sup LR2°LS — su 2 LA
76113 TLRF( ) /\EE YD)
and (it)
BB (\)BB,())
sup W25LS = su P u
up WrLke(1) == Sub =3y,
where BBy(A\) = BM,(X) — ABM,(1), and BM,(-) is a p x 1l-vector of independent
standard Brownian motions, A = Prob(q; < 7v), and A, = [e1,1 — €], where ¢, =

Prob(g: <), €2 = Prob(¢; <7).

2Thus, the only difference between the two Gaussian processes ﬁmat’l (v) and GPryat,1(y) lies in their
covariance functions.



Thus, under Assumptions A.2 and A.3, the asymptotic distribution is pivotal, and it
is identical to the one obtained for break-point models - see Andrews (1993), Bai and
Perron (1998) and Hall et al. (2012) among others. This is due to similarities between
threshold and break point models; a break-point model is a special case of a threshold
model when ¢ = ¢/T.% Critical values for these pivotal distributions can be found in
Andrews (1993) and Bai and Perron (1998). However, note that this result only holds
for conditional homoscedastic errors and threshold variables independent of regressors,
an unlikely case in practice.

4. Tests for Threshold Reduced Form

For this section, we assume that the reduced form has a threshold p° (TRF), possibly
different than the structural form threshold 4°. The test statistics are computed taking
into account the TRF when computing the first stage of the 2SLS estimation.

Let the threshold reduced form (TRF) be:

Z = X0 + X' + u, (4.1)
and the structural form be as before:

Y = W60+ W36 + e (4.2)
We estimate the TRF via least-squares threshold methods, as in e.g. Caner and Hansen
(2004):

p = argmindet (a(p) " a(p)),
pel’

where 4(p) = Z — XPII1(p) — X2T0,(p), and II;(p), II5(p) are the OLS estimators of
19,119 in (4.1) for a given p:

R -1
(o) = (X{TX7)  x{'z

A

-1
Ma(p) = (X5TX5)  x{'2.

With j, the reduced form slope parameter estimates are IT; = II;(p), I, = II5().
Then we let
7 =20 +TL,28, W = <Z Xl) , (4.3)
where X? and X’ are defined as above with p instead of p. The computation of 67,67
is then the same as in (3.4) and (3.5), but with 1/ defined here. Similarly, the new test
statistics:

sup LR?F%}?F(’Y% sup WIQ“%LJEF(W)
verl’ vyel’

are computed exactly as their LRF counterparts, but with W defined in (4.3). We
assume:

3Note, however, that break-point asymptotics cannot be obtained as a special case of threshold asymp-
totics, because generally, Assumptions A.1.2 and A.1.4 do not hold for dynamic break-point models.
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Assumption A.4 (Identifiability 1). 1§ # II9.

Assumption A.4 states that there is a (large) threshold effect, expressed by different
slope parameters I19 and II9, present in the reduced form equation. For stating the
asymptotic distributions, similar to A° in the previous section, we define

A=, S"]" and AY=[09,5T]" (4.4)

as the augmented matrices of the reduced form slope parameters. Also, define the
matrices

Can(v) = AAM (v A p") AT + AJ [Ml (7) = My(y A /)0)] A9, (4.5)

and

OA - OA,I(/Ymax)
= AVMy(p°) AT + ASM,(p") AT (4.6)

Thus, the TRF analogs to the LRF processes B;(7y) and £(v) are:

Baa(y) = A} | GPumara (A 9" = My A o) M (0°)G P ()6
+ A3 [(GPamasa(7) = FPanacs (7 A 1) é“}

— AS [(My(v) = Ma(y A %)) My (%) G Pumar2(p°)] - (4.7)
and
Ea(v) = C1i(MBai(v) — C1y(1)Baz(7) (4.8)
where
Baa(v) = Ba—Baa(v)
with

Ba = Ba(Ymax) = AIGPrnar (0°)(02 — 62) + A3G P2 (0°) (62 — 62).
Last, the TRF analogs to the LRF covariance matrices H;(y) and Hs(y) are:

HAJ( ) AOE[ItJJt (Gt + u, g0 ) :ﬂ.{thVAPO}]A?T
AOE[ZL‘tI‘t (Et + Uy 9 ) (]l{qté’y} — ]]-{qtgw/\po})]AgT (49)

and

HA,Q( ) = AOE[ T(Et + ujeg)Zl{thWVpo}]AgT
+ AVE[zor, (€0 + uy 09)* (Lig5ny — Ligmyvpoy) AT (4.10)

The more complicated expressions in this case stem from the fact that the relative
location between each potential structural form threshold parameter v and the true
reduced form threshold parameter p° influences the asymptotic distribution of our tests.

11



Theorem 2 (Asymptotic Distributions TRF). Let Z be generated by (4.1), Y be gener-
ated by (4.2), and Z be calculated by (4.3).Then, under Hy, and Assumptions A.1 and
A.4,

©) T 1

Ea(NCa2(1)C4 Caa(1)€a(r)

2 Y

25LS
sup LR7: rrr(7Y) = sup
~el ~el g

and (it)

~1
sup Wiise(7) = sup €4 () |Cat () Har(1)Cr 1 () + CZ,%(V)HA,Q(V)CZE(W)] Ea(y).

vyel el

Under conditional homoscedasticity, we show below that the classical asymptotic
equivalence between Wald and LR tests still holds, even for a TRF. To this extend
define the Gaussian processes

Ea(7) = C1i(7)Ban(y) = C5(1)Baz(v)
and
Baa(y) = AL [GPuaia (A 0)QE = Mi(y A )My (0GP 1 (1) Q02
+ [P s ()Q = TPuaca (1 1)1
+ A3[(Mi(7) = Mi(y A p)M; ()P 2(6°)]

where Qfﬁmat,l(v) is a ¢ X (p1 + 1) matrix where all columns are independent ¢ x 1 zero
mean Gaussian processes with covariance kernel M;(v)." Then we have:

Corollary 3 (to Theorem 2). Let Z be generated by (4.1), Y be generated by (4.2), and
Z be calculated by (4.3). Then, under Hy, and Assumptions A.1, A.2 and A.4,
(7)

cT
sup LR%S%&?F( ) = sup Ea(1)Ca2(7)Daa(7)€a(7)

~yel ~yel o? ’
and (i1)
El(y)C D E
sup W%%LgF<7) — sup A(W) A,2(V)2 A,1(7) A(V).
~yer ~yel o

As in Boldea et al. (2014), the asymptotic distributions are non-pivotal, and don’t
simplify under Assumption A.3. This is not an issue in practice, because the p-values
can still be obtained by simulation techniques, as we discuss in Section 6.

4Thus, the only difference between the two Gaussian processes é\i)mam(’y) and GPuas,1(7y) lies again
in their covariance functions.
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5. Comparison to sup Wald GMM

In contrast to our paper, Caner and Hansen (2004) propose testing for a threshold using
a GMM-based Wald test. In particular, instead of using 2SLS, they use two-step GMM
estimation. Specifically, for each v € T', one estimates 67 in (4.2), for i = 1,2, as:

~ ~ -1 ~
O = (WX &)X ) (WX Qs () XTTY)
with estimated variance-covariances:
oo oy 7T v rH-1 AT
Var<9i,GMM> = (VVZ X Qi,GMM(’V)Xi Wz) )

and estimated long-run variances:

T T

Qo (V) =D G Ly, Qann(y) =Y Guw) Ligsyy,
t=1 t=1

where € =y — nyél,GMM(’Y) — W;ég,GMM(fy), and éLGMM(’y) are some preliminary first
step GMM estimators of (4.2) for a given 7.

With these definitions, the sup GMM Wald test statistic in Caner and Hansen (2004)
for Hy, at each 7, is:

Wramm(y) = [9¥,GMM - Q’ZY,GMM]T{Var[Q’ly,GMM] + Var[eg,GMM]}_l[eg,GMM - eg,GMM]'
The sup Wald test is then sup Wr garar (7). Define
yel’

QI,GMM('V) = E[xtmfﬁfﬂ{qtgv}], Q2,GMM(7) = E[xt$:E?I{Qt>’Y}]a

and Vi(7) = [N ()N ()]s Nily) = plim[TW7TX]]. Also, let GP1(7)
be a ¢ x 1 zero mean Gaussian process with covariance kernel E[GP1(71)GP; (12)] =
Q1 (71 A2), and GP = lim GP4(7). Then, Caner and Hansen (2004) show:

Y—0o0

Theorem 3 (Asymptotic distribution sup Wald GMM). Let Z be generated by (3.1) or
(4.1), and Y be generated by (4.2). Then, under Hy, and Assumptions A.1 and A.J,

sup WEMM (v) = sup [Vi(7) N (1) (1)GP1(7) — Va(y) Na(7)25 (7)GP2(7)] |

~el ~el’
x [Vi(y) + V()] ™
< V(M) (7)GP1(7) = Va(y)No ()25 (1)GP2(7)] -
The proof is in Caner and Hansen (2004), and presumably this test is proposed there
for two reasons.

The first reason may be that the asymptotic distribution of the GMM-based test does
not depend on whether the reduced form is a linear or a threshold model, while our
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asymptotic distributions do. This may be fine if the tests behave well and the only
purpose is to test for a threshold. However, researchers are only interested in pre-testing
for a threshold so that they can later estimate the structural form, and so if the test
rejects, one still has to estimates the threshold parameter 4" by 2SLS. Moreover, two-
step GMM estimators are routinely computed with first-step 2SLS estimates. In this
case, a decision between using LRF and TRF may still be desirable.

The second reason may be that the GMM estimates are known to be more efficient
compared to 2SLS in regular (smooth) models. So for example, for a linear regression,
if a sample is used to pre-estimate a reduced form to compute 2SLS, and the same
sample is used for GMM estimates, then the latter are asymptotically more efficient.
However, in this paper we do not have a smooth model. We don’t use the same sample
to compute 2SLS and GMM estimates. For example, for LRF, we use the whole sample
to compute the first-stage of the 2SLS estimators é] , but only a sub-sample to compute
GMM estimates éZGMM. Similarly, for TRF, we use a different sample to compute the

first-stage of the 2SLS estimates then for éZG v+ Using different sub-samples makes the
connection between 2SLS and GMM estimates break down; they are no longer a special
case of the other, and so this motivates us to look at both GMM- and 2SLS-based tests.
Moreover, as emphasized in Antoine and Boldea (2014) and Magnusson and Mavroeidis
(2013), knowledge of reduced form discontinuities is valid information that can lead to
more efficient estimation and testing.

Note that the 2SLS and GMM-based tests in general have different asymptotic dis-
tributions; the 2SLS distributions are not special cases of the GMM ones. But under
Assumption A.2 and LRF, all the distributions are the same.

Corollary 4 (Corollary to Theorem 3). Let Z be generated by (3.1) or (4.1), and Y be
generated by (4.2). Then, under Hy, and Assumptions A.1, A.3 and A.4,

BB (\)BB,(\
sup WM (v) = sup p VBB, (Y

~el rer, A1 =X)

This corollary shows that in the special case of independence of the regressors and
threshold variables, the sup Wald GMM asymptotic distribution is pivotal. For our
tests, the same holds for linear reduced form. For threshold reduced form, we observe
that the critical values are lower, and it may be because our tests are using additional
valid information about the TREF.

6. Simulations

In this chapter, we investigate the small sample properties of our proposed test statistics.
To do so, we describe how to simulate the p-values of our tests based on the asymptotic
distribution, and we describe our data generating processes in 6.1. In sections 6.2 and
6.3 we present results on empirical sizes and powers of our tests.
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6.1. P-value Simulation and Data Generating Process

First, we lay out our approach to simulate empirical sizes and powers. Afterwards, we
present the data generating process (DGP).

P-value Simulation As shown in Sections 3—4, the asymptotic distributions of the
proposed test statistics are non-standard and thus, need to be simulated. For that, we
follow Hansen (1996): Because of almost sure convergence of the moment functionals the
‘middle’ parts of the proposed test statistics (i.e. all except £(7) for a LRF, respectively
Ea(y) for a TRF) are replaced by their sample analogs and kept fixed conditionally
on the sample. So, e.g. we replace M;(y) by %Z;‘le 212/ 1{g,<,}. Moreover, unknown
parameters are replaced by their 2SLS estimators as described in sections 3 and 4.
However, the Gaussian processes need to be simulated. We approximate them by

(j,l\amat,l(’Y) = T_l/QX?T@* ~ g/Pmat,l(ly) (6'1)
where 0* = 0 © n with n = (9, ..., M) e=1,.15 Tt w N(0,1), being a T x p;-matrix,
© = (¢, a")" where ¢ and 4 are the estimated original (structural) and reduced form
errors, and ® denotes the Hadamard product.

The approximation in (6.1) is justified by Hansen (1996, Theorem 2) and Lemma 1 in
the Appendix (in the sense that the approximation is a weak convergence result when
the bootstrap sample and the sample size grows large). It resembles the wild parametric
bootstrap technique for heteroskedastic errors, and we apply it to homoskedastic errors
as well.

Instead of simulating the asymptotic distributions directly and computing critical
values we rather simulate p-values following Hansen (1996) by applying the p-value
transformation. This works as follows::

1. draw 7 as described above
2. set 0" =00n
3. set Q/7\3mat71('y) = T_1/2X17T@*

4. set g(y) as described in Theorem 1, respectively Theorem 2. g¢(v) denotes the
(simulated) asymptotic point-wise test statistic under consideration

5. set G =supg(7y)
yel’

6. repeat steps 1-5, say J times and obtain a sample (G, ..., G ;) of observations from
the simulated asymptotic distribution of the test statistic.

°In contrast to the suggestion of an i.i.d. bootstrap in Hansen (1996), we do a wild bootstrap, because
we find this translates in better empirical sizes.
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7. set the simulated p-value p as

J
1
P=5 T (62)
=1

where G denotes the corresponding sample test statistic

In order to obtain empirical sizes & for a nominal significance level o we repeat the
above procedure under Hy, say MC, times and set

| MC
“=0 > Lp<a)- (6.3)
k=1
The empirical power is obtained analogously with the DGP under H 4.

Data Generating Process The DGP used in our simulations is defined as follows:
Y = th(Z) + 021 + €
= w;r 0° + ¢

6
= (H(l),l + H?,zxt)]l{qtﬁpo} + (Hg,1 + Hg,ﬂtﬂl{qppo} + Uy (6.5)

where x; YN (1,1) and ¢, = x; + 1. We set the parameters as follows:
o V= (921 = 1.
b H? = (H(l),la H(I),Q)T = (1, 1)T-

o 119 = (II9,, I19,)" = (1, b)", where we allow b € {0.5,1,1.5,2,2.5}. Note that
b =1 corresponds to the LRF case.

o o0 =1.75.

Lastly, we set ¢, = v, - 1,//2 with

(Z) RN ((8> : (ois 015» - (6.6)

This specification induces conditional heteroskedasticity. Moreover, we divide in the
construction of ¢ by V2 in order to have an unconditional variance of 1 for ¢. We do
this to be able to ompare to the case of conditional homoskedasticity in which we simply
set €, = 1.0

Last, due to extensive computational burden, we carry out 500 simulations to obtain
single p-values and 1000 Monte Carlo repetitions (i.e. we simulate 1000 p-values).

6Results without the division with v/2 are similar and available upon request.
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6.2. Size

This section presents empirical sizes obtained for our tests as well as for the GMM sup
Wald test in Caner and Hansen (2004) under the DGP and p-value simulations described
above. Table 9.1 displays the results.

In case of conditional heteroskedasticity, the results show that in small samples, the
2SLS sup LR test is correctly sized, and clearly superior to both the 2SLS sup Wald
and GMM sup Wald test. That the 2SLS sup LR test has better size properties than
the GMM sup tests should not come as a surprise, because the 2SLS estimator use more
information about the reduced form compared to the GMM sup Wald test. In particular,
it uses TRF and LRF to compute the first-stage, while GMM ignores this information
altogether. However, the result that the sup LR test also outperforms the 2SLS sup
Wald test is somewhat surprising.

In case of conditional homoskedastic errors the results are similar. Thus, in finite sam-
ples, the estimates are less accurate, resulting in poorer size properties. Again, the 2SLS
sup LR seems to be correctly sized, while the 2SLS sup Wald is oversized. It seems that
robustifying against heteroskedasticity backfires both in the case of heteroskedasticity
and homoskedasticity, resulting in small sample size distortions for the Wald test. How-
ever, notice that the Wald size distortions are smaller in the homoskedastic case. In
both cases, these distortions go away as the sample size grows large (7" = 1000).

6.3. Power

In this section, we present the empirical (size corrected) power of the three tests. We
slightly alter the DGP in (6.4) while leaving everything else equal. In particular we set

Yy = wj@?]l{qtgﬂ + w;rgg:ﬂ.{qt>ﬂ/0} + € (6.7)

with 09 = (1, 1) as before and 65 = (a,¢)" with a € {1,2} and ¢ € {1.25,1.5,2}. This
allows us to investigate how the power varies with the threshold size, measured by a and
c. We set 4° = 2.25 and we only consider conditionally homoskedastic errors with LRF
and two cases of a TRF for brevity.”

In order to parsimoniously display our results we follow Davidson and MacKinnon (1998,
Section 6) and plot size-power curves. That is, we plot all possible sizes between 0 and
1 on the z-axis. Those sizes are true empirical sizes in the sense that they are computed
based on (simulated) empirical critical values and the empirical distribution function of
the test statistics. On the y-axis we plot the size adjusted power which is calculated
using the empirical critical values.

6.3.1. Linear Reduced Form

In this subsection, we consider the LRF case. Figure 9.1 displays size corrected power
curves for the case of no threshold effect in the intercept of the structural form, i.e. for

"Simulations in progress for other cases.
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a = 1, and Figure 9.2 for a threshold effect in the intercept of the structural form, i.e.
for a = 2.

As expected, all three tests have larger power as the sample size increases and as the
threshold size increases. The first effect can, e.g. be seen in the upper left subplot of
Figure 9.1. The second effect is evident in the lower right suplot, as all power curves
jump close to one as the size becomes strictly positive.

So, as expected, the power increases with the threshold size. Furthermore, a threshold
effect in the intercept (Figure 9.2), which can be viewed as a larger threshold, leads to
an increase in size-adjusted power of all three tests. The GMM Wald test seems to have
larger size-corrected power but this effect vanishes as (i) the sample size increases or (i7)
as the threshold effect in the slope parameter increases.

6.3.2. Threshold Reduced Form

In this subsection, we consider the TRF case. Figures 9.3 and 9.4 display size corrected
power curves for the case of no threshold effect in the intercept of the structural form,
i.e. for a = 1, and a small, respectively big threshold effect in the reduced form, i.e. for
b = 1.5, respectively b = 2.5. Moreover, Figures 9.5 and 9.6 display power curves for the
case of an additional threshold effect in the structural form intercept given both cases
of a TRF.

Comparing Figures 9.3 and 9.4, respectively Figures 9.5 and 9.6 suggest that the
magnitude of the reduced form threshold effect does not affect the power properties
of the considered tests since power patterns between Figures 9.3 and 9.4, respectively
Figures 9.5 and 9.6 are quite similar. Moreover, comparing Figures 9.3 and 9.4 with
Figures 9.5 and 9.6 it seems that the size of the structural form threshold effect has a
much bigger influence on the power of the tests. This is also corroborated if we compare
the TRF results to the LRF results. Overall, all three tests seem to have reasonably
large size-corrected power if the threshold is moderate to large.

7. Empirical Application

In this section, we test whether the government spending multiplier - measured as the
percentage increase in output when government spending increases by 1% - changes in
the presence of different interest rate regimes. For example, the multiplier is expected to
be larger in the recent crisis if the transmission mechanism is largely demand-driven - see
e.g. Eggertsson (2010) and Christiano et al. (2011). When the nominal interest rates are
close to the zero lower bound (ZLB) or in general below a certain threshold, government
spending should be more effective in increasing growth, since higher consumption and
investment are facilitated by a low real interest rate (potentially through higher infla-
tion). On the other hand, if in the present crisis, the transmission mechanism is driven
by supply, and despite the low nominal interest rate, government spending crowds out
private investment, the multiplier is small. We use the following specification, in line
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with Hall (2009) and Kraay (2012), but allowing for two potential interest rate regimes:

—yt _ yt_l = (al —|— /81 —gt _ gt_l) :ﬂ_{rtilgyo} + (O[Q + BQM) :n-{’l‘t,1>’70} + €t7 (71)
Yi—1 Yi—1 Y1

where 1, and ¢, denote real GDP and government spending per capita, respectively,
a1, (o are constants, [, By are the multipliers in the two regimes, and ¢; is an error term
that satisfies Assumption A.1. r, denotes the Federal Funds Rate and 7 is the unknown
potential threshold-parameter.

We are interested in testing whether the multipliers in (7.1) are indeed different in
different interest rate regimes, that is, whether we have a interest-rate driven threshold
7%, Since z = % is endogenous as output shocks can influence spending in the
same quarter, we instrument it as in Ramey (2011), with one quarter-ahead government
spending forecast errors, SPF}, from the Survey of Professional Forecasters.® Thus, we

specify the reduced form (with a potential threshold at p°) as:

gt — gi—1

” = (Hl,l + Hl,QSPFt)]l{Tt—lSpO} -+ (H271 + H27QSPFt)1{Tt_1>pO} -+ Uy (72)
t—1

We use quarterly US data spanning 1969Q1-2014Q4, with the real GDP and govern-
ment spending from the Bureau of Economic Analysis’, the federal funds rate from the
Fed St. Louis'’ and the government spending forecasts from the Philadelphia Fed.!!
The data includes the current ZLB regime, as can be seen from the federal funds rate
plot in Figure 9.7.

Since our sample includes the Volcker period, part of which is characterized by un-
usually high interest rates and volatile economic conditions, we consider three samples
for our analysis: the full-sample 1969Q2-2014Q4, and the sub-samples 1969Q2-19840)4,
respectively 1985Q1-2014Q4. Since low interest rates are mostly near the end of our
sample, but we wish to allow for a low interest rate regime, we consider two cut-off
points for testing for a threshold in (7.1): the 15% and the 5% quantiles of the empirical
distribution of r,_;.

We first test whether the reduced form is a threshold model (TRF) or a linear model
(LRF) by the methods proposed in Hansen (1996). Based on the results, we estimate
the LRF or TRF and test for a threshold in (7.1) using the 2SLS LR and Wald threshold
tests proposed in this paper, as well as the GMM Wald test in Caner and Hansen (2004).

Tables 9.2-9.4 present results for all the three samples considered. Regardless of the
cut-off, or whether we use the full-sample or the post 1985 sample, we find that the
reduced form has a threshold at p° below 7.

For the structural form in (7.1), estimated on the whole sample, we find weak evidence
for a threshold effect: none of the threshold tests reject at the 1% level. At the 5% level,

8See Ramey (2011) for more discussion on instrument validity of SPF}, and a description of how the
forecast errors were quantified.

9 Accessed February 2015.

10 Accessed February 2015.

11 Accessed February 2015.
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all tests reject, but the 2SLS LR test, which we found in simulations to be closest to
its nominal size, is close to the 5% level, whether we use a 15% cut-off or 5% cut-off in
calculating our tests. Furthermore, the threshold estimator reflects a very high interest
rate regime, sensitive to the cut-off choice, and not close to the ZLB. This prompts us
to investigate the samples 1968Q1-1984Q4 (unusually high interest rates) and 1985Q1-
2014Q4 (not so high interest rates) separately.'?

Table 9.3 shows that all three threshold tests do not reject the null of no threshold
regime for the period of 1985 onwards. That is, we find no evidence that a ZLB or any
other interest rate regime in our sample changes the government spending multiplier or
the effectiveness of the government spending on output growth.

We find that the government spending multiplier 2SL.S and GMM estimators are close
to each other, significant, and around 0.12.** Thus, an increase in government spending
of 1% of real GDP will increase growth by 0.12%. Our estimates are small and in
line with Hall (2009, Sample 1960-2008). They are much smaller than in Nakamura
and Steinsson (2014), who find an (open economy) multiplier of about 1.5. Eggertsson
(2010) and Christiano et al. (2011) argue that in the neighborhood of the ZLB, when
monetary policy is less effective, fiscal stimulus lowers real interest rates by raising
inflation, resulting in potentially large multipliers. However, in the recent crisis, the US
inflation has remained low and stable, which may explain why we don’t find a larger
multiplier near the ZLB.

8. Conclusion

In this paper, we propose two novel threshold tests for linear models with endogenous
regressors, a sup LR and a sup Wald test. These tests are based on 2SLS and explicitly
account for a possible threshold effect in the reduced form. We derive the asymptotic
distributions of our tests, which are non-pivotal but can be computed by methods similar
to the wild bootstrap. Our simulation study shows that our sup LR test behaves well in
small samples, and its size and power compare favorably to an existing GMM based sup
Wald test. We find that the sup LR is correctly sized for small samples, compared to
the Wald tests which are both oversized. In terms of power, all tests have comparable
and large power when the threshold size is moderate (about half of the variance of the
error). Moreover, the power properties of the proposed tests are in line with the findings
of Hall et al. (2012) for break-point models.

We apply our method to assess whether the US government spending multiplier is
larger in regimes with nominal interest rates that are low or near the zero lower bound.

12 The Volcker period results in Table 9.4 are presented for completeness, but the sample size is small,
and care should be used in interpreting those results.

13Note that the 2SLS standard errors we obtain, based on asymptotic results, are larger than the GMM
standard errors (formulae for the asymptotic 2SLS standard errors for a TRF are available upon
request). Preliminary simulation results (also available upon request) indicate that this might be
due to poor asymptotic approximations to the 2SLS standard errors in finite samples and not the
classical result that GMM is more efficient. As already mentioned earlier, Antoine and Boldea (2014)
find that 2SLS can be more efficient than GMM in threshold models.
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All the threshold tests we employ suggest that the US government spending multiplier
for output growth did not change near the zero lower bound or any other interest rate
regime.

9. Tables and Figures
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Table 9.2: Estimation Results Full Sample

Sample 1969Q2-2014Q4

Cut-Off 15%
Ymin = 1.95 and Ypax = 9.46

Cut-Off 5%
Ymin = 0.15 and Ymax = 13.58

RF Results

p-Wald 0.0000 0.0000
I 0.0029 0.0029
I, 0.4226 0.4226
Iy, 0.0068 0.0068
I, 0.5253 0.5253
p 6.7000 6.7000
No. of obs.
total 183 183 183 183 183 183
r<p 124 124 124 124 124 124
T > p 59 59 59 59 59 59
SF Results
LR2SLS WQSLS WGMM LR2SLS WQSLS WGMM
p-value  0.0430  0.0220  0.0540  0.0480  0.0240  0.0180
By 01715 01715  0.0853  0.0878  0.0878  0.0904
(0.12460)  (0.12460) (0.00600) (0.11510) (0.11510)  (0.0061)
a;  0.0072  0.0072  0.0065  0.0072  0.0072  0.0061
(0.00100)  (0.00100) (0.00005) (0.00100) (0.00100) (0.00005)
By -0.2049  -0.2049 — 0.5434  0.5434  0.5172
(0.27170)  (0.27170) - (0.56290)  (0.56290)  (0.0273)
Gy 0.0044  0.0044 - -0.0065  -0.0065  -0.0053
(0.00310)  (0.00310) ~ (0.00670)  (0.00670)  (0.0003)
4 8.8000  8.8000 ~ 10.9500  10.9500  10.9500
95%-CI for 4 [6.8400;9.3500] ~ [8.8000 : 12.6900]
No. of obs.
total 183 183 183 183 183 183
reog <4 148 148 148 169 169 169
Ty >4 35 35 35 14 14 14

I Standard errors in parentheses.

2 Amin and Ymax are the min. and max. r;_; over which the threshold models are estimated.
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Table 9.3: Estimation Results Subsample 1985Q1-2014Q4

Sample 1985Q1-2014Q4

Cut-Off 15% Cut-Off 5%
Ymin = 1.02 and Yyax = 7.74 Ymin = 0.12 and ypax = 8.48
RF Results
p-Wald 0.0000 0.0000
I 0.0027 0.0027
I 5 0.4285 0.4285
Iy, 0.0078 0.0078
I, 0.5713 0.5713
p 6.4700 6.4700
No. of obs.
total 120 120 120 120 120 120
o <p 97 97 97 97 97 97
Ty >p 23 23 23 23 23 23
SF Results

LR2SLS W2SLS WGMM LRQSLS W2SLS WGMM

pvalue 0.4290  0.6010  0.7230  0.4830  0.8320  0.7180

B 01146  0.1146  0.1242  0.1146  0.1146  0.1242
(0.0672) (0.0672) (0.0069) (0.0672) (0.0672) (0.0069)

&, 0.0061  0.0061  0.0061  0.0061  0.0061  0.0061
(0.0005)  (0.0005) (0.00005) (0.0005) (0.0005) (0.00005)

95%-C1 for 4 - - - - - -

No. of obs.
total 120 120 120 120 120 120
ra<y - - - - - -
ra>d - - - - - -

I Standard errors in parentheses.
2 Ymin and Ymax are the min. and max. r,_; over which the threshold models are estimated.
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Table 9.4: Estimation Results Subsample 1969Q2-1984Q4

Sample 1969Q2-1984Q4

Cut-Off 15% Cut-Off 5%
Vmin = 4.87 and Yyax = 12.69 Ymin = 4.30 and Ypax = 15.85
RF Results
p-Wald 0.8800 0.9060
I 0.0052 0.0052
I, 0.4739 0.4739
1:12,1 - -
1155 - -
16 _ _
No. of obs.
total 63 63 63 63 63 63
ri—1 <P - - - - - -
rei>p - - - - - -
SF Results
LR2SLS WQSLS WGMM LR2SLS W2SLS WGMM
p-value  0.0040 0.0000 0.0000 0.0020 0.0000 0.0000
Bl 0.3850 0.3850 0.3874 0.3850 0.3850 0.3874
(0.18730) (0.18730) (0.02330) (0.18730) (0.18730) (0.02330)
a1 0.0109 0.0109 0.0110 0.0109 0.0109 0.0110
(0.00160) (0.00160) (0.00020) (0.00160) (0.00160) (0.00020)
52 -0.3049 -0.3049 -0.3061 -0.3049 -0.3049 -0.3061
(0.26810) (0.26810) (0.03430) (0.26810) (0.26810) (0.03430)
as  0.0040 0.0040 0.0041 0.0040 0.0040 0.0041
(0.00270) (0.00270) (0.00040) (0.00270) (0.00270) (0.00040)
4 8.8000 8.8000 8.800 8.8000 8.8000 8.8000
95%-CI for 4 [5.5700; 11.3900] [5.5700; 11.3900]
No. of obs.
total 63 63 63 63 63 63
T <4 32 32 32 32 32 32
Ti_1 > 31 31 31 31 31 31

I Standard errors in parentheses.
2 Amin and Ymax are the min. and max. r;_; over which the threshold models are estimated.
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Figure 9.1: Size Adjusted Power Curves — No Threshold Effect in SF Intercept and LRF
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Figure 9.2: Size Adjusted Power Curves — Threshold Effect in SF Intercept and LRF
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Figure 9.3: Size Adjusted Power Curves — No Threshold Effect in SF Intercept and TRF
with Small Threshold Effect
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Figure 9.4: Size Adjusted Power Curves — No Threshold Effect in SF Intercept and TRF
with Big Threshold Effect
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Figure 9.5: Size Adjusted Power Curves — Threshold Effect in SF Intercept and TRF
with Small Threshold Effect
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Figure 9.6: Size Adjusted Power Curves — Threshold Effect
with Big Threshold Effect
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Federal Funds Rate

Figure 9.7: Federal Funds Rate — 1969Q2-2014Q4
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Mathematical Appendix

Notation. In what follows we use the symbol K to denote a strictly positive constant.
Note that K does not need to be the same from line to line.

For any m x 1-vector x we denote by ||z]|s = /Y .~ 7 the Euclidean norm. Moreover,

for any m x n-matrix X we denote by || X||r = \/tr(X T X) the Frobenius matrix-norm.
Furthermore, we denote by I, the m x m-identity matrix and by 0,,,x, an m X n-matrix
of zeros.

To simplify notation we define the following sets Ti(y) = {t : Lyg<y} and To(y) =
{+ Ifg>1}. These sets partition the data according to the decision rules 1y4<,} and
114>~} Tespectively, and will be convenient to display sums.

Moreove, we define € = € 4+ (Z — Z)0° and s = ¢ + u#°. Note that those quantities can
also be partitioned as & = €] + (Z — Z)]62, for example.

A. 2SLS Results involving a Linear Reduced Form
Lemma 1. Suppose Assumption A.1 holds. Then

T2 vece(X]v) = GP1(v)
where GP1(7) is a zero-mean Gaussian Process with covariance function

Cop(71:72) = E[gpl(’h)gp?(%)] = EKUtUtT ® xtfj)]l{qts(wmw)}]

Proof of Lemma 1. Let X be a T X g-matrix and v be a T x (1 4 p;)-matrix, both
satisfying Assumption 1. Further, let v.; denote the i-th column of the matrix v. Then,
by Hansen (1996, Theorem 1)

T=V2X71 T, = GPi() (A1)
and therefore
GP1(v)
T2 vec(X]Tv) = : . (A.2)
GP"" (7)

Next, by Hansen (1996, Theorem 1) it holds that every process GP%(7) is a zero-mean
Gaussian Process with covariance function

CgP(’Vh 72) = ]E[xt'f?vz?,t:ﬂ'{%ﬁ(’h/\’m)}]' (A?’)
Similarly, it holds that

Cé’%(%» V) = E[gPi (71)Q7D{T(72)] = E[xtw;rviytvjyt]]'{th(’}’l/\'m)}}' (A4)
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Thus, combinig (A.3) and (A.4) directly yields
Cap(m,72) = E[GP1(m)GP1 (12)] = E[(vevy ® 20! )L{gi<(runm)y]- (A.5)
Finally, results (A.2) and (A.5) directly prove the Lemma. O
Lemma 2. Suppose Assumption A.1 holds. Then
(i) THWTTWT 2 AOMy (1) AT = Ch(7)
(id) T-2W7TE = A (GPoac (1) — My(3) M G Py 100) = A°Bi (7).

Proof of Lemma 2. First, we prove claim (i) and then claim (7).
Claim (7): The reduced form predicted values are

A A

7= XTI (A.6)

and it holds that R )
TVAM -1 = (T7'XTX) " (T7*X ) (A.7)
by standard OLS-derivations. By Hansen (1996, Theorem 1) it holds uniformly in ~

that
TIXTTX) 225 My(y), and TPXTX 255 M. (A.8)

This implies that T~'X "X = O,(1) and thus, by Lemma 1, T-/2X Ty = O,(1). There-
fore, TV/2(I1 — M°) = O,(1) and thus, II — TI° = 0,(1). So, uniformly in =,

T2 =1 (T—le)q) 1T 2 1197 M, (7)I1°. (A.9)
Last, it holds that
Wy = (27 X7,)=[x{10 X{,]=X][II S]=X]A". (A.10)
Therefore, by (A.9) and (A.10) and uniformly in ~,
W WY = A <T*1X17TX1Y) AT
2, A0y (1) AT = Ci (), (A11)

proving the claim.
Claim (ii): By (A.6) it follows that

TR =TT TPXTN (G 4000 - TPXTTX( =190 | . (A12)
=4 =

Next, we show the limiting behavior of the term denoted by a and afterwards the limiting
behavior of b.
Rewriting term a directly yields

T2XT (e +ufd?) = T72XT e, X7 )6 (A.13)
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and thus, by Lemma 1, uniformly in ~:
T=2X7 6, X7 )0 = GPuaia (7)62- (A.14)
By (A.7) term b in (A.12) satisfies
T2 X7 XV (T — 110)¢° = (T—le)q) (T XTX) " (T2XTu?) . (A15)
Next, note that
T2XTuf® =T72XTe. 04+ T2 X Tu?

=T712[XTe, X Tu)f° (A.16)
So, by (A.8) and (A.14)—(A.16), uniformly in ~,
TYV2X7T XTI - 11°)6° = My (7) M 'GP mar 16°. (A.17)

Last, because 117 (a — b) = I1°T(a — b) 4 0,(1), (A.14) and (A.17) together with (A.12)
yield uniformly in ~

T2 = 17 (ngat,l(y)ég - Ml(y)M_lngatJéS) =1""By(y). (A.18)

Last, because W, = [Zf XKJ = X7AT (see (A.10)) it immediately follows with (A.18)
that, uniformly in ~, R

TV e —= ABy(v), (A.19)
proving claim (ii). O
Proof of Theorem 1. In order to show the statement of Theorem 1, we first prove it
for the sup Wald test and afterwards for the sup LR test.

sup Wald Test: The Wald-type test statistic is given by

WSS () = TV2(07 = 03) T[T Var(67) + T Var(63)] 7' T"/2(67 - 63)
This proof is done in two parts: In part (i) we prove that TV2(0] —0]) = C;(7)A°B; (v)—
Cy Y (7)A°By(v) = E(7) uniformly in v and in part (i) that T Var(6]) + T Var(d]) 2
CTH (V) HL(7)CH(y) + Cy H(y) Ho(v)Cy () uniformly in . Parts (i) and (ii) together
with the continuous mapping theorem and weak convergence (uniformly in ) then im-

mediately yield the claim.
Part (i). For i = 1,2, we have by construction

Sy (WVTWV <W7Té’7) . (A.20)
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Therefore,
T -6 = (T (1)
- (T—1W;TW;) - (T—1/2W;Te’g> . (A.21)
By Lemma 2 it holds, uniformly in , that
T WTWY B Ci(y) and T7V2W) T —= AB;(7). (A.22)
Thus, uniformly in 7,
TV2(Y — ) = (TlI/T/fTW])_l (72177 )
(i) (i)
= CT'(NA"Bi(7) = Gy (1)A°Ba(v) = £(7). (A.23)
Part (i7). Note that
T Var(f]) = (Tlﬁ/]WV])_l ( Z o] éf) (7 1WZWW])_1
By Lemma 2 and the continuous mapping theorem it holds uniformly in v that
(W) B o). (A.24)
So, we are left to show that

71 Z wtlDtTé? AOE[actxt {er + ez} ]l{qt<v}]A

(A.25)
Tt Z Wb €2 B Az, {e +u/ 00321453 A°T
T2(7)
To do so, we will show that
T! Z Wb, 62 = ( Z vz, {e +ul 6°)? )AOT + 0,(1). (A.26)
Ti(v) Ti(7)

Based on the statement in (A.26) the claim then follows immediately.
First, note that w; = Ax; = A%z, + 0,(1) and thus that

T! Z Wb, €2 = A (T_1 Z xtx:éf) AT
7i(7) 7i(7)
= A0< Z zix] é )AOT + 0,(1), (A.27)
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since A = A% + 0p(1) uniformly in v, and we expect the whole sum to be at most of

order O,(1).

Next, we rewrite the expression for the residuals, é;, in such a way that (A.26) follows.

By construction X R
e = (Y — th@Y)]l{qtgv} + (3 — thQ;)]l{th}

and therefore,
)

e = (yr — wt 01 ) Lig<yy + (ye — 9 ) Lig>vy

because the mixed term includes 1y <y - 114,543 = 0.
Using (A.29), quantity (A.27) can be written as

Tt Z Wb, €2 = ( Z T, et)AOT + 0,(1)
Ti(v)

= A (T‘l > wal (e — ] éz>2)A°T +0p(1)
= A'BA"T 1+ 0,(1).
Next, under Hy, (y; — @, 67)2 can be further rewritten as

(g — @/ 0)° = (w] 60° + ¢, — ) 0])°
= ( ;(90—97)+€t+( —2)7602)°
= (b (6° = 0)) + &)
= & 28,40, (0° — 07) + (6° — 67) "] (6° — 67).

Therefore, quantity B from (A.30) reads as

B=T" thxt €

Ti(7)
+ 27~ Z zx] &) AYT(0° —67)
Ti(7)
+ T~ Z zx) (00— 0))T Az A°T(6° — 607) + 0,(1)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

since A = A° + 0p(1) uniformly in v, and we expect the sums to be at most of oder

Op(1).

Next, we show that the last two terms on the right-hand side of (A.32) converge in

probability to zero, uniformly in ~:
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The last term in (A.32) is bounded by'*

H Z zx) (00— 00)T Ayx] AOT(6° — 67)

Ti() E
ST ] (6 — 7Y A AT (80— 7)1
Ti(v)
=T e/ |le - 1(6° = 07) T A% [?
Ti(7)
=T w3 - 16° = 67)T A% f?
Ti(7)
STyl - 116° = 67115 - 1| A%|l3
Ti(v)
<= FI - 141 (7 Y )
Ti(7)
50,
where convergence holds because [|§° — 07|, = o0,(1) by Lemma 2, ||A%|; = O(1)

by Assumption A.1.2 and 7! > T |z¢]|3 = Op(1), uniformly in 7. To see the last

statement consider
E| Sy el
_ i(7) 2
P10 Yl > &) < L0

Ti()
B Z'Ti('y)EthH%
B TK
T; t tll2
< > (v) SUP Ella|l3
- TK
_ sup, Bl
- K

where sup, E||z;||3 < sup, E||z:||3* < oo for some b > 1 by Assumption A.1.2. Thus, the
last expression can be made arbitrarily small uniformly in 7" by choosing K sufficiently
large. Hence, T~' 37 [|l[|5 is uniformly tight, or equivalently, of order O,(1).

By the same arguments, the second term on the RHS of equation (A.32) can be bounded

“Note that for u,v € R"™*" it holds that [uv" || = [Jull2 - [|v]l2 because [[uv T || = /37, 3 luiv; | =
2 2 lwil?lv? = \/ZZ- luil? 325 10l = /22 [wil* /325 [vj* = lullz - [[v]l2. Moreover, the

Frobenius matrix norm is compatible with the Euclidean vector norm, i.e. for some m X n-matrix

A and some n x 1-vector z holds that ||Az||2 < ||A| r|lz|l2. This can easily be shown by applying
the definitions of the respective norms and the Cauchy-Schwartz inequality.
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by

HT_1 Z zx) g AT (00 — 67)
7i(7)

F

<[6° = 6702 1A% e [ T Nlaeli3le]
Ti(7)

<% =07 lla - 14°0 e { T D Nalileed + 162077 D lleli3llze — 2o
i) i)

<6° =07 lla - 14°0 [ 771 D Nasllaleel + 1620 - 1T = TR D [lel3lluellz
i) i)

20

where the last statement holds because ||#° — 67||, = 0,(1) and ||TI° — II||» = 0,(1) by

Lemma 2, [|A%|| » = O,(1) by construction, T~ > lzel3ler] = Op(1), and T 37 ) llaell3|we| =
O,(1), uniformly in . To see the last two statements consider:

E | 32 llll3led

Ti(7) ] < sup, K[|z 13 e]
TK - K

BT il > K | <
Ti(7)

6 9 1/2
_ supe (EllgEl])
- K

and

E |32 Nell3 ]2

T ] < Sup; Efllz ][5 |2]
TK = K

BT Jaellilulls > K | <
Ti(7)

" 9 1/2
_ o (Bl 8L 3)
- K

where sup, E||z:||S < sup, E||z||3® < oo, sup, E|e;|? < sup, E|e;[* < oo and sup, Elju|3 <
sup, E||ug||3° < oo by Assumption A.1.2. Thus, the last expressions can be made arbi-
trarily small uniformly in 7' by choosing K sufficiently large. Hence, 713 - ) [lz413]&]
is of order O,(1).

Therefore, (A.30) simplifies to

T iy ] = A° (Tl > ;cta:jg;%) AT+ 0,(1). (A.33)
Ti(v) Ti(v)
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Last,
- ~ 2
6? = |:€t —+ (Zt — Zt)TQS]
r “ 2
= 6t + (HOTI’t + Uy — HTxt)T92:|

. 2
= €t+ut‘90+xt( O—H)H(Z)}

- . 2
=[5, + 2T (110 — H)eg] (A.34)
Therefore,
T Z Wb, €2 = ( Z T4, st>AOT
Ti(v)

+2A° (T1 Z vz suw] (M0 — ﬁ)eS) AT
+ A0< Z zyx] 097 (0 — )z, (110 — f[)Gg) AT 1+ 0,(1). (A.35)

It can now be shown that the last two expressions on the right-hand-side of (A.35)

converge in probability to zero, uniformly in . For the thirs term we find:

H Z zpx] 00T (110 — ID) a2, (110 — 11)6°

F

<7 Z I\mtxtT@ST( — M)z, (10 — )67
Ti(7)

=T ) | - o] (110 — 1167
Ti(7)

=T a3 - ) (110 — T1)62)2
Ti(v)

TNl - i3 - (10 = THO2|I3

Ti(v)

< <T1 3 ||xtué> I — I - 62

Ti(v)

where [|8%]], = O(1) by construction, ||II° — II|| = 0,(1) by Lemma 2 and, as already
shown, T > 7 |lz¢]|3 = O,(1) uniformly in 7.
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Similarly, we find for the second term on the RHS of (A.35):

HT Z zyx) s, (110 — 11)0° .
Ti(7)
<O =T - 020771 D Nlell3]s:
Ti(v)

<0 =1l 10202 | T alledd + 102077 el 3wl
Ti(v) Ti(v)

50
where H90H2 — O(1) by construction, ||[II° — II||» = 0,(1) by Lemma 2 and, as already

shown, T > ) lz:]13]e:] = Op(1) and T—* D) |z¢]3||uell2 = Op(1) uniformly in 7.
Thus, (A.35) can be restated as

T Z Wb, 62 = AO( Z T, st)AOT + 0,(1), (A.36)

Ti(7)

and therefore, uniformly in ~

T Z W) €2 2 ARz {e + u) 09121 <p]A°T (A.37)
Ti(v)

! Z W) €2 2 AE[zea] {e +u/) 09 L4 ]AT. (A.38)
T2(7)

Results (A.23), (A.24), (A.37) and (A.38) then yield the claim by continuity of the
involved terms and weak convergence (uniformly in 7) using the continuous mapping
theorem.

sup LR Test: This proof is done in two parts: Part (i) shows that T-'SSR;(y) & o2
and part (i7) shows that SSRy — SSR;(y) = ET(7)Ca(7)D1(7)E(7).
Part (7). The scaled sum of squared residuals of the restricted model, SSR;(7), are
given by
TT'SSRi(y) =T Y = Wi6 [y — W78y
+ TG = W)Yy — W3]
=T W7(6° = 67) + &1 W7 (6° —67) + &)
+ T W5 (6 — 63) + & T [W5 (6" — 63) + &)
T
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Next, by Lemma 2, for i = 1,2, T-'W) "€} = 0,(1) and T-'W; "W, = O,(1) uniformly
in 7. This implies that

07— 6 = (T T (WTE) = 0,(D0y(1) = 0,(1) (A40)
and therefore, (A.39) simpliefies to
TSSRi(y) =T 'eTe + 0,(1). (A.41)
Thus, (A.41) can be written as
T7'SSRy(y) = T s s+ 2(T " s X)(I1° — I1)6°
+ 00T (I° — )X "X (I1° — 11)6° + 0,(1) (A.42)

where IT — II° = (T' X T X) " Y (T ' X Tu) = O,(1)0,(1) = 0,(1) and T~'sT X = 0,(1) by
Lemma 2, uniformly in 7. Thus, (A.42) simplifies to
TSSRi(y) =T "'s s+ 0,(1)
=T e e+ 2T e u)0? 4+ 00T (T u"u)6° + 0,(1)
L0229 00 +60°T 8,00 = o2 (A.43)

eu’z

uniformly in «. This proves part (7).
Part (ii). We have

SSRy = SSRi(y) = Y7 = WO T[YY = W6 = Y = Wiy T (YY) — W6]]
+ 1Yy = WO = W30 — [y = WR3)T Yy — W03 (Ad4)
Now, for 7 =1, 2,
Y7 — WY, — W)
—[Y = WO = W20 =YY = 20T WY - 0TWTW
YTV 20T — TV
= [67 — 6" W TR — W0 — W]
= 7 017 |21 W)
—(T7WITW(TV(0 - 6%)
—@WTWIVE - )] (A45)
Next, we show the asymptotic behavior of the terms on the right hand side of (A.45)

which then concludes the proof together with (A.43), (A.44), the continuous mapping
theorem and weak convergence (uniformly in 7).
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It holds that
(T WTW)(TY*( — 0%))
=T '2WTe
—TVRWITE 4 TV
(W T (TR — 6°) + (T TWE) (T - 6°) (A.46)
and by Lemma 2 that, uniformly in v for ¢ = 1, 2,
TW WY B Ci(y). (A.47)

Futhermore, define § = TY/2(0—6°), ; = TY/2(6) —6°) and D;(v) = C~1Ci(v) (i = 1,2).
Then, (A. 4()) can be restated as

B = Di(7)B1 + Da(7)Bs + 0,(1). (A.48)
Moreover, note that
TY2(60] — 0) = B1 — B = Da(7)(B1 — o) + 0p(1) (A.49)
TYV2(0) —0) = By — B = —D1(7) (B — ) + 0,(1) (A.50)
TV2WITE = Ci()Bi + 0,(1) (A.51)

by (A.48) and Lemma 2.
So, using (A.46)—(A.49) and (A.51), for i = 1 quantity (A.45) can be written as

(

(B1 = B2) "D (7) |2C1 (7)1 — Ca(7)B — Cr(7) B | + 0,(1)

—(1 — B DI () (s — B) + 0,(1)

=(B = 62) D3 ()CL(7) Da(7) (1 = B2) + 0,(1)- (A.52)
Similarly, using (A.46)—(A.48) and (A.50)—(A.51), for i = 2 quantity (A.45) can be
stated as

(61 = B2) "D (M) Ca(3) Di(7) (61 = B) + 0,(1). (A.53)

So, using (A.45), (A.52) and (A.53), quantity (

A.44) can be restated as
(

(
SSRy — SSRi(y) = (51 B2) " D3 (7)C1(7) D2(7) (81 — fz)
+ (B1 = B2) "D{ (7)Ca(7) D1 (7) (81 — B2) + 0,(

= (81— B) " [(I, = D] ())C:(7)(I, — Di(v))
+D{ (7)(C = CL(7))D1(7)] (Br — fe) +0p(1)
=B —B)" | 1(7)—201(7)D1(7) D (7)Ci(7)D1(7)

+D] (v)CD1(v) = D} (7)CL(7)Dr(7)] (Br — B2) + 0p(1)
= (B = B2) T [C1(7) = Cr(Di()] (Br — Ba) + 0,(1)
= (1 = B2) T Co(7) D1 (7) (B — B) + 0p(1). (A.54)

/\/\

)
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Last, by Lemma 2 it holds, uniformly in ~, that

By o = (0T TP — (V) )
= C7 ' (1) ABi(7) — C5' (1) A°Ba(v) = €(7). (A.55)

So, combining (A.54) and (A.55) yields
SSRy— SSRi(7) = € (1)Co(1) Dy (1)E(") (A.56)

which in turn with (A.43), the continuous mapping theorem and weak convergence
(uniformly in 7) proves the claim. O

Proof of Corollary 1. We will first show the claim for the sup LR-test and after-
wards for the sup Wald-test.

sup LR-test. In order to show the claim in this, we only need to show that
E(y) = c‘f(’y) under Assumptions A.1 and A.2. Or in other words, that GPpma1(y) =

gjpmat,l(Fy)lez
The covariance kernel of GP1(7) is given as E[GP1 (v1)GP7 (12)] = E[(vv) @22, ) 1 {g, <11 ny)]
by Lemma 1. Under Assumption A.2 this expression can be simplified to

E[(vev) ® Iﬂ:)]l{qtéfn/\'yz}] =E [E[(Utvt—r ® wt!ﬁf)l{qtmw}’% Qt”
—E [E[Utv:‘xt, q| ® xﬂz—]l{qzévl/\vz}}
=E [E ® SUtxtT]l{thw/\w}]
=Y ® Mi(n, 7). (A.57)

Note that @ denotes the principal square root of ¥, i.e. Q/2QY? = . Then, (A.57)
can be restated as

El(vev, @ 2] ) Lig<pinyy] = X © Mi(71 A )
= QM (i AR)(Q®I)
= Q@I ® M (11 A)(Q®I). (A.58)

On the other hand, the covariance kernel of (Q ® I)GP1(7) = vec(GPmar1(7)Q) is given
by

E[(Q ® I)GP1(1)GP, (12)(Q ® )] = (Q ® DE[GP1(1)GP, (1)/(Q © )
= QeI @ MM AR))QI) (A.59)

because E[Q~P1(71)Q~P1T(’yg)] = I ® My(7, A~2) by definition of GP1 (7). Thus, combing
(A.58) and (A.59) yields the desired result since Gaussian processes are uniquely defined
through their mean and covariance functions.

15We will do this by showing that their covariance functions are the same. Hence, because both
processes have mean zero, equality follows due to the fact that Gaussian processes are uniquely
defined through their mean and covariance functions.
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sup Wald-test. In order to show the claim for this case, we are left to show that
[CT (V) Hi(7)CTH (1) +C5  (7) Ha ()O3 ()] ™1 = 072 Ca(7) O~ C1 () under Assumptions
A.1 and A.2. The equality of £(7) and &(7) has already been shown in the previous

part of the proof.
Under assumption A.2 it follows for Hy(7) that

Hi(y) = A°Elzz, {e, + u/ 6°}° 1y <n]A° or
= AE [E [ [z2] {e, + uTHO}QIl{qt<q,}|a:t, th A0T
= AE [ZEtl’t ]].{qt<'y}E[(€t + UTQO) |2y, th AT
= A"Elzix] Lig <y (02 + 25,00 + 627 5,69)] AT

= g2 A" M, (y) AT
Similarly, for Hy(7) it holds under Assumption A.2 that
Hy(y) = a*Cal(y). (A.61)

Therefore, using (A.60) and (A.61), it follows that
[CTHNHL(MCH () + Cy (M Ha(1)Cy ()] = [0*CrH () + 0*C5 ()]
=0 [CrI (M) + G ()T (A62)
Having (A.62) we are left to show that [C;'(y) 4+ Cy ' (7)] 7t = Cy(7)C~1Ci(7) or equiv-

alently that C;'(v) + Cy ' (v) = C; 1 (v)CCy (). To do so, we will rewrite expression
(A.62) and make use of the Kailath identity in line 5'° (cf. Kailath (1980)):

Cr'mM+GCy 'y ) ) +C—-coTei(y)) T
C) eI -ciCi)) T
S+ -cTiai(y)) et
11(7) CrHN(=CrtMU + CHC1 (N CTH ) (=Cr())IC T Ci()Cr ()

= [Ci(y) - Ci(m)C Ci()] ™
=[(I - (e H]™
=[(C = (i)™
=Cr (7)C7Cy () (A.63)
Finally, equations (A.60)—(A.63) yield the desired result that

ET(7)Ca(7)C~1CL(1)E(M)

2

ETICT () Hi(v)CTH (7) + C (1) Ha (1) O3 ()] 1 E(y) =

16The Kailath identity reads as follows:
Let A be a non-singular n xn, B an nxk and D an k xn matrix such that A+ BD is non-singular.
Then,

g

(A+BD) ' =A"'-A'B(I+DA™'B)"'DA™L.
In our case set A= C1(7y), B= —C(y) and D = C~1C;(v) to apply the identity.
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under Assumption A.2 and therefore, proving the claim. O]

Proof of Corollary 2. First we note that by Assumption A.1.4 it follows that Prob(q; <
v) = G(7) is continuous. Further, we will replace the threshold parameter v by an equiv-
alent value, say A, defined on the open unit interval (0;1). To see how this works, note
first that I' C (Ymin, Ymax). Then, Prob(¢: < ymin) = 0 and Prob(¢; < Ymax) = 1. Sup-
pose now, that I' can be defined in terms of a cut-off value, say the x-th quantile, i.e.
' = [Vx,71-x]. Then equivalently, we have Prob(¢; < ) = A for all v € T" where \ is
uniformly distributed on A, = (k;1 — k), i.e A ~ U(Ay).

Now, by Assumption A.3, we have that

M, (71 A 72) = E[xtx::ﬂ'{qtﬁ’vﬂ\’h}] = E[xtxt ]]E'[]l{qt<’71/\’72}} - mln{)‘lv >‘2}M (A64)

This also implies that

My(y) = AM (A.65a)
Ci(y) = A°My(7) AT = XA M AT = \C (A.65b)
My(y) = (1 — \)M (A.65¢)
Co(y) = A°My(7) AT = (1 = N)A°M AT = (1 — \)C. (A.65d)

Moreover, (A.64) implies that —under Assumptions A.2 and A.3- the Gaussian process
GP1(7) can be restated as

gPl(fY) = (Q ® I>g7731(7> = (Q® MI/Q)BMI()\) — ngat,l(V) = M1/2BMmat,l<)\)Q
(A.66)

where BM;(\) denotes a q(p; + 1) x 1-Brownian motion on the open unit interval,

implying that Bi(y) can be restated in terms of A as Bi(\) (we will see the exact

expression later in this proof).

Therefore, we obtain

ET()C(VCTICi(M)EM) = [CTH (M) Bi(v) — O3 (1) B ()]
x Cy(7)CC1(7)
X [CTH(7)Bi(y) — Cy ' () Ba(7)]

1 -1 -1 T
:m[c Bi(A) — ACT'By(1)]

x C[C7'B1(\) — A\C71By(1)]

1 —1/2 —1/2 T
= A(l——A)[C 2Bi(N) — ACV2B,(1)]
x [C7Y2B(\) — A\C7Y2B,(1)]. (A.67)

Next, we show that the term C~1/2B,(\) equals in distribution [(Q6°)T ® []BM (A) —
A(02)T@I)BM;(1). Because of (A.65a) and (A.66) it follows that By(A\) = A°[GPmar.1(7)00—
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Ml (P)/>M_1gpmat,lég] = AO[MI/ZBMmat,l()\)QéS - )\Ml/QBMmat,l<1)Qég]' Further> re-
call that C' = A°M A°T. Thus:

C2By(\) = (A°M A T)"V2 A M2 BM e 1 (V) Q6°
— ANAMAT) V2 AON2 BM a1 (1)Q6°
= [(Q09)" ® (A°MA°T) 2 AM'PIBM, (M)
—A(QO)T @ (A’MAT) " PAMY 2 BM; (1)
= — AT (A.68)
where

0,

N( (AOMAOT)fl/QAMl/QH(Qég> 2 M1/2AOT(AOMAOT)*1/2]>
=N (o
N(

(R @

(@) (@] @ 1) (A.69)
[(Q@O)T (AOMAOT)—l/QAMl/QH(QéS) ® Ml/ZAOT(AOMAOT)—l/Z])

N (0,[(Q)T(QIN] @ 1) . (A.69D)
Thus, it holds that

(Q62)" ® IIBMy(N) (A.70a)

[(QF2)" ® 1)BM; (1 (A.70b)

IIU IIU

~—

implying for (A.68) that
C2B1(A) 2 [(Q6Y)T @ IIBMy(A) — A[(QE)T @ II1BM,(1). (A.71)
So, we have that
C2By(N) — ACT2B,(1) 2 [(Q6°)T @ IIBM;(N) — A[(Q6°)T & I|BM; (1)
—\[(QI)T @ IIBM:(1) + A\[(Q°)" @ I|BM;,(1)
= [(QO)T @ IIBM:(N) = A[(QB2)T @ IIBM, (1) (A.72)
Using (A.72), (A.67) can be written as

: | L @i e s} 1@ @ neso)}
E (V)C(7)CT Ci(m)E(y) = NI= )

(A.73)

where BB()\) = BM1<)\) — )\BMl(l) B R R R
Finally, to show the claim we need to divide (A.73) by 0 = §°730% = (Q6°) " (Q6°) and
obtain

02 A1 )

ET OO G ER) o (1@ 2 1EBY} {[Q8)T @ 18BN}
— N)(QF9)T(QAY)

{Qeo ®IBB)\)} (Q0°)T & I)BB( )}
(1= A)(QA9)T(Qd)

(A.74)
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Further, note that

(Q6)" ® IIBB(A)

= 0 10N1-1/2(0fNT
[(QF9)T (QE)]1/2 = [[(QO)T(QIN]V*(Q0°)" ® I)BB(N)

~ X (0, 1@ (@) (@) (@) Q) (@) 2 o 1)
= N(0,1). (A.75)
Therefore, it holds that

ETMC(NCICi(1EM) p BB (N)BB()
o2 A1 =X

(A.76)

proving the claim. O

B. 2SLS Results involving a Threshold Reduced Form

Lemma 3. Under Assumption A.1, T(p—p°) = O,(1), TV2(II; = 11%) = O,(1), i = 1,2
and that the distribution is as if p° was known we have that

T2 vee(IL; (p°) — I19) 2 A(0, V)

holds. Further, Vi = (I, ® My (p°)E[(wu] @ z2) ) 1ig<p] (L, @ M (p%)) and Vs =
(I, @ My ' (p)El (e, ® zew) ) Ligopmy) (I, @ My (0)).

Proof of Lemma 3. We will prove the statement for 7/ vec(IT; (p°) —I19). The proof
for T2 vec(Ily(p") — I19) follows similar arguments and is therefore omitted for brevity.

By construction
0T (VN oT
XPXP) XY Z)
X)X 4 x0T X T 4 XY )
oT (VN 0T 0
=7 + (X7 X7 )7HXT wuf)

ﬂl(po) = (
=

where the last equality holds because X7 OTXQ)O = 0. So, the “cross”-terms cancel.
Hence,
T2 vee(IT; () = 1) = vee (T X{"Tx{") (120" Tw))
= (I @ (T X TX]) ) vee( T2(X ).
Next, (TlefOTXfO)*l 2 M(p°) and by Lemma 1

T4/2 vec(XfTuf) = GP1(p).
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Note that QPl( ) is a zero-mean Gaussian process with covariance function Cgp(p1, p2) =
E[(usu @ 242 )Lig<piapy)- Therefore,

T2 vee(Iy(p°) = 1Y) = (I, @ M (0°))GP1 (")
Because GP;(p°) denotes the Gaussian process at a particular value p° it follows that
GP1(p") ~ N(0,E[uu] @ z2] Lig,<p01]) and therefore,
T vee(Th (p°) = 119) = (1, ® My (p")N (0, Elugu) @ i) Ligi<p]),
which concludes the proof. O

Lemma 4. Suppose Assumption A.1 holds. Then, under Hy,
TW W B DML (y A p°) AT+ AY(Ma(y) — Mi(y A p%)) A3 = Caa ()
and
T =AY | GPunasa (102 = My A 9" )M (6)G P ()6
+ A3 (GP (1) = Gt (v 1 )

= (My(y) = Mi(7 A o) M ()G o 20"
= Ba1(v)
Proof of Lemma 4. This proof is done in two parts: First, we show the asymptotic
behavior of T-'W7 W, and afterwards the asymptotic behavior of T-V/2W 7€)
Also, it will be helpful during the proofs to consider three cases: Case (a) assumes that

v < p° Case (b) that v = p° and Case (c) that v > p°. There are two sub-cases within
each case:

e In case (a) it follows that v < p because p = p° 4+ 0,(1) by Lemma 2 and v =
p° + O(1) by construction. This implies two sub-cases: (a.1) with v < p < p° and
(a.2) with v < p° < p.

e In case (b) there are two sub-cases: (b.1) with vy = p° < p and (b.2) with p <y = p°

e In case (c) it follows that v > p because p = p° + 0,(1) by Lemma 2 and v =
p° + O(1) by construction. This implies two sub-cases: (c.1) with p < p® < v and
(c.2) with p® < p < 7.

Claim (). Starting with case (a), because v < p for both possible sub-cases, it holds
uniformly in v that

T TWY = AT XTTX))A]
= AYT' X X)) AN +0,(1)
= AYM, () AT (B.1)
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by Lemma 2.
In case (b), we first consider sub-case (b.1). Because v < p, it holds uniformly in «y that

TTWTE = A(TTIXT X AT
= AT XX AT +0,(1)
= AYM, () AT (B.2)
by Lemma 2. In sub-case (b.2) it follows that
T = T+ T (T — W)
— AT XPTXD)AT + Ay (T X X" — T X{TXD)A],  (B.3)
because p < v = p°. By Lemma 2 we have that p = p” + O,(T"') and therefore,

T
TOXITXP =T ) 1yg,<p
t=1
T

T
=7 thxg—]l{qtépo} +77 Z xtx:(]l{qtﬁf’} — Lg<p})
t=1 t=1

1 pOT g _
=T IX{) TXiD + O)(T 1)
_ 0 0
=T7IXPTXP 4 0,(1). (B.4)
So, (B.3), (B.4) and Lemma 2 imply, uniformly in ~,
T T B ADM (0" AYT = AYM, (1) AT (B.5)
Last, we consider case (c). In sub-case (c.1) we have uniformly in ~ that
T WY = TR 4+ T T — W)
T WY =T
= AT XPTXD)AT + AT XX - T X XD A
+ AT X)X — T X T XA
= AYM (p°)ATT + AS(M () — My (p%)) A3T (B.6)
by Lemma 2. In sub-case (¢.2) it follows uniformly in v that
TWTWY = T WTWE - T W T - W)
T W)
= AT XPTXVA] + AT XPTXD — X T X AT
+ Ap(T'X)TX] = TPXPTXD)AJ
= AYM, (P ATT + AS(Mi(y) = My(p%)) A3 (B.7)
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So, putting results (B.1), (B.2), (B.5)—(B.7) together yields the claim.

Claim (iz). To show this claim, we present the underlying ideas for case (a). Since
cases (b) and (c) follows similar reasoning we only state the most important intermedi-
ate results to conclude the claim.

Starting with sub-case (a.1) of (a) it holds that

TVATTE = AT X))
= AT X + (21 = 2)00)
= Ay [T72XTT( + (XTI + ] — X]TT)60)|

~

A, [T—fos} (T X TXYYTYA(IL, — H?)eg} , (B.8)

By Lemma 1 it follows that 7-/2X7 " s} = GPmat,1 (7)6° uniformly in v where vec(GPma1 (7)) =
GP1(vy) with GP(v) as in Lemma 1 and 62 = (1,0°7)T. Moreover, uniformly in

(T X7 XT3 = 162 = (T X7 X))(T X X))~ (T2 X]  ud)6l
= Mi(7) My (") GPrnaa (0°)02 (B.9)
Therefore, (B.8) behaves uniformly in 7 as
T8 = AL [GPoaca (1) — My ()M (0")GPaa ()] . (B.10)
As in sub-case (a.1), for sub-case (a.2) it follows that
T TE = A, [T‘l/QX{’Ts¥ (XY XTI, — H?)eg] . (B.11)
However, in contrast to sub-case (a.1), it now holds that!”
=11 = (XX ) + op(1) (B.12)
because
I = (X7 X7) (X7 29)
= (X)) ) 4 X g — XTI 4 X )
=TI+ (XTXE) X T l) 0, (1) (B.13)

"Note that in sub-case (a.1) we could also write IT; — 19 = (XfOTXfU)fl(XfUTufo) +0p(1). However,
the composition of the op,(1)-term is different in both cases, as illustrated in (B.13). E.g. in (B.13)
also XfOTXfOHg - XfTXlﬁHB is included in the op,(1)-term, whereas in (a.1) this term completely
vanishes already in samples (rather than only asymptotically) because of the relative locations of -,

O N
p’ and p.
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by Lemma 2. So, putting (B.11) and (B.13) together yields uniformly in - that
TP TE = AY [QPmam(v)éS - M1(V)Mfl(po)gpmat,l(po)ég] ' (B.14)

For case (b), sub-case (b.1), it follows, as for sub-case (a.2), uniformly in v that
TR TE = A, [T*WX?TS? — (T X7 XTI, — H?)eg] (B.15)

with
I — 1 = (X2 X)X Tul) + 0,(1). (B.16)

So, as for sub-case (a.2), uniformly in ~y
T8 = A7 | GPuata(NE — MM ()G P (0] . (BAT)

where M;(y)M;*(p°) cancels whenever v = p°.
For sub-case (b.2) it holds uniformly in v that

T TE = A, [T*1/2X{3Ts{’ —(TIXPT X TV, — H‘f)eg]
o Ag [T - X - T X XX T, - 1)
- A(l) [gpmat,l('y)ég - gpmat,1(7)92 (B18)

by Lemmata 1, 2 and (B.4).
Last, we show the claim for case (¢). In sub-case (c.1) it holds uniformly in ~ that

T TE = A, [T‘WXfTsf —(TIXPT XTI, — H?)HS]
- Ag TS = XTTSD) - T XX - XPTXD) T (1T, - 19)0
- Ag [T Ts] = XET) - TG XX TR, - 1g)0 |
— A} [gpmat,l(ﬂo)ég - gpmat,l(ﬂo)ég}

+ A [ngat,l(v)ég — GPumar1 (P°)00 — (My(7) — My (p°)) My l(po)gpmat,z(po)ég} :
(B.19)

where the middle term drops because T*1/2(XfOTs‘1’O — XY = 0,(1), Tfl(XfOTXfO —
XPTX?) = 0,(1) and TV2(II, — I13) = O,(1) by Lemma 2.
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Last, sub-case (¢.2) yields uniformly in

T TE = A, [T‘I/QX{’OTSPO (X T X YTV — H?)eg]
Ay [T - XS - T TR - XX T (L, - )6
Ay [TVA(XTTS] = X{T) = THXTT T — XX T, - 1186t
—> A} [P o (0")62 — GP o ()8

+ Ag _gpmat,l(W)ég - ngat,l(Po)ég — (Mi(v) - Ml(PO))Mfl(PO)ngat 2(p )02} )
(B.20)

where the middle term drops because T—/2(X?Ts? — X7 T Y = 0,(1), T-HXPTXP —
XP°T XY = 0,(1) and TY2(IT, — 19) = O,(1) by Lemma 2.
Finally, putting (B.10), (B.14), (B.17)—(B.20) together immediately yields the claim. [

Proof of Theorem 2. In order to show the statement of Theorem 2, we first prove it
for the sup LR test and afterwards for the sup Wald test.

sup LR Test: The proof of this result follows the same arguments as in the LRF case.
For brevity, we will only display the major differences to the LRF case. As in the LRF
case, we split the proof into two parts: in part (i) we will show that T-'SSR;(y) & o2
and in part (1) that SSRy — SSR1(y) = 1 (7)Daa(7)Car(7)E().

Part (i). Asin the LRF proof (cf. equation (A.41)) it holds uniformly in ~y that

TT'SSRi(y) = Ty — W76 T [yy — W78)]

Ty = W 63] Ty, — Wj63]

=T [Wy(6° — 67) + &1 W7 (0" - 07) + &
T

+ T W5 (60— 03) + &) W3 (6° — 63) + &)

=T 1eTe

+2ATTEWYNO° - 6]) + (6° — 67) T (T~ W7 TWY)(6° — 67)
+ 2T &W5)(6° — 63) + (6° — 03) " (T~ W3 "W (6° — 63)

2
=TeTe+0,(1), (B.21)
where the last equality holds because, for i = 1,2, T~ 1W7T”7 = 0,(1), Tfll/T/JTVT/? =
O,(1) and 6° — ) = (T-'W; W) N (T "W &) = O,(1)0,(1) = 0,(1) uniformly in ~
by Lemma 3.
Next, rewrite (B.21) as

T'SSRy(7) =T & & + T T& +0,(1). (B.22)
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By construction

&= (2 — 20" (B.23)
and thus . . R
£ XTI — 11 if )0 < p
€/1]0 = 810 + 10( (1) A 1) 1 PO _e (B.24)
st + XT (17 = 1) + 0,(1) if p" > p
Therefore, we obtain
T T =7 T (T T XY (110 — 1)
+ (0 — 1) (T X X - )
=T T8 +0,(1) (B.25)

because T~1s! | X1’ = 0,(1) and T-1x0"T X1 = O,(1) by Lemma 3 and ITY—1II; = o,(1)
by Lemma 2.

Similarly, we obtain
0

T T =T8T +0,(1). (B.26)
Therefore, (B.22) reads as
T 'SSR,(y) = T_ls’l'OTsﬁ'o + T_lsgongo +0,(1)
=T""'s"s+0,(1)
L o2 4207 00 +60°T8,00 = 02, (B.27)

eu’z
uniformly in v, proving part (7).

Part (ii). For this part, derivations remain as in the LRF case (up to equation
(A.46)). Utilizing Lemma 4, expressions (A.47) and (A.48) in the LRF proof become

T WTWY B Cui(y) (B.28)

and A A A
B=Da1(7)B1 + Daa(v)b2 + 0p(1) (B.29)

by Lemma 3 with Da;(vy) = C;'Ca1(7) and therefore, Dao(y) = C;'Can(y) = I, —
D 41(7y). Consequently, equations (A.47)-(A.49) in the LRF proof are adjusted in this
fashion as well. The following derivations then remain the same.

Last, equation (A.55) from the LRF case now reads as '®

B — B = C1(1)Ban(7) — Crh(1)Bas(v) = Ea(): (B-30)
Thus, as in the LRF case, it follows that

SSRy— SSRi(7) = (B1 — B2) "Cas(7)Dar(7)(Br — Ba) + 0p(1)
= E4(7)Ca2(7)Dai(7)Ea(7) (B.31)

18 A% is replaced with AY, i = 1,2, absorbed in the definition of B 1(7)
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uniformly in . Together with (B.27), (a.s.) continuity of the process £4(7), the contin-
uous mapping theorem and weak convergence (uniformly in ) it then follows that

SSRy— SSRy(v) EL(V)Ca2()Dar(7)€a(y)
— ’ : B.32
e SSRO)T S % B

proving the claim of the theorem.

sup Wald Test: The Wald-type test statistic reads as

sulro W%%SF(v) = su;F) T1/2(9 97) T Var(é'f) + TVar(é;)] 1T1/2(9 97)
~E ~E

As already shown above, (pp. 28, cf. equation (B.30) with 3; = T%/2(8) —6°) for i = 1,2)
it holds uniformly in ~ that

TY2(0] — 07) = Ea(y) (B.33)

with £4(7) as defined in (B.30).
So, we are left to derive the asymptotic behavior of

T Var(§7) = (T7'W) W)~ <T Zwtwjéf) W)L, =12,

Lemma 3 implies that R R
(T W W)™ 5 Ci() (B.34)

uniformly in v and thus, the behavior of 77" 37 by €7 is left to show.

To do so, as in the proof of Lemma 3, we consider 3 cases to facilitate exposition: Case
(a) assumes that v < p°, case (b) that v = p° and case (c) that y > p°. There are two
sub-cases within each case:

e In case (a) it follows that v < p because p = p° + 0,(1) by Lemma 2 and v =
p° + O(1) by construction. This implies two sub-cases: (a.1) with v < p < p° and
(a.2) with v < p° < p.

e In case (b) there are two sub-cases: (b.1) with v = p° < pand (b.2) with p < v = p°

e In case (c) it follows that v > p because p = p° + 0,(1) by Lemma 2 and v =
p° + O(1) by construction. This implies two sub-cases: (c.1) with p < p® < v and
(c.2) with p® < p < 7.

Moreover, we only provide derivations for T Y, b, é21y,<-y for the sake of brevity.
The asymptotic behavior of 773", W, €714+ follows similar arguments and is
therefore omitted.
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Case (a). Because'? v < j in both sub-cases and thus, w, = Az, it follows that
TS ] iy = Ay (T—l Z ) éfn{qtgv}) AT
t
< thwt be —~ ] ]l{qt<v}>AT
— Ay (T Z zal [0 (6° = 01) + & Ligzy ) AT (B.35)
t
with & = ¢, 4+ (2 — 2.) 760 Let B=T""3, a2 [/} (6° — 0]) + &2 L{g<y}- Then

B =T Y ] @14y 4277 ] AL )L
t

7791 = ’
+ 7T Z zx) (00— 0)) Ayay] Al (6° — éY)]l{qtg,y} . (B.36)
=By

Next, it can easily be shown that the terms By and Bj are both o,(1) uniformly in ~y
(cf. equation (A.32) and the subsequent arguments in the LRF case). Together with
A; =AY+ 0,(1) = Opy(1) (as a consequence of Lemma 2) it follows that

T i) 6L <ry = AJBIAYT + 0,(1). (B.37)

So, we are left to derive the asymptotic behavior of By for this case. First note that

Elig<ny = e+ (20 — 3t)T92M{qt§w}
= [et + (H(lﬁxt]l{qtﬁpo} + H(zﬂ—xt]l{qppo} + U — Hirxt]l{qtﬁﬁ} - H;—xt]l{qpﬁ})]]l{qtév}
= [s¢ + 2, (1) — I1)02] L1, < (B.38)

because ¥ < {pAp"} implies 1ig, <1} 1(gi<p) = Lig<n Lguzpry = Lgsa) and Lig<pyLignp) =
Lig<1Lig>py = 0. Further, s, = ¢ + u, #9. Thus, By reads as

Bi=T"Y @/ siligey +2071 ) vl s (I — )61, <)
t t

+ TN 00T (1) — T0y) g (19 — T11)001 g, <y (B.39)
t

It can easily be shown that the last two terms on the right-hand side of this expression
are of order o,(1) (cf. Equation (A.35) in the proof of Theorem 1 and the subsequent
arguments), uniformly in . Hence,

Bl = Tﬁl Z xtxtS?]l{QtS’y} -+ Op<1). (B40)
t

YImplying that the structural form partition 7 (y) = {t : L{g,<+} = 1} is a subset of the reduced form
partition 71(p) = {t : 1yg <z = 1}
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Hence, (B.36) reads as
O Zwtwt ¢ Lgzyy = Al ( thfﬁt St:ﬂ'{fIt<’Y}>A +0p(1) (B.41)

and thus, uniformly in ~,

TS ] gy B AE[r1a] 571 | AT (B.12)

t

because the data has bounded fourth moments (at least) by Assumption A.1.2.

Case (b). Here, sub-case (b.1) with v = p® < / follows the same arguments as the
derivations of case (a). Hence, in this sub-case it also holds uniformly in + that

TN i) 6L g <ry 2> AVE[er] s711g,<3] AT (B.43)
t

In sub-case (b.2) with p < v = p" however, things look rather different. This is due
the fact the structural form partition 7i(v) = {t : Iyg,<,y = 1} is no more a subset
of the reduced form partition 71(p) = {t : Iy,<p = 1}. Thus, we decompose the
partition of the sum based on 1;4<,1 by a partition based on 1<z and one based on
Li4<yy — Lyq.<p}, retaining the original partition:

T Z wtw;égﬂ{qév} =7 Z wtwwjéfl{qtéﬁ} +77 Z wtwjéf(]l{qév} - ]l{QtSﬁ})-
t t t
(B.44)

From this it is obvious that W 1g,<s = fllxt]l{qéﬁ} and that W(1ig,<yy — Lig<p) =
Wil <y Lig>py = A2e(Lig,<yy — L{g.<p})- Thus, (B.44) can be stated as

t t

N J/

3

-O—AQ(T*Ithx;I—é?(]l{thW} —Lg<p) )Ag. (B.45)
t

h <

2

Next, we show the asymptotic behavior of the two terms =Z; and =Z,. Following the
reasoning from case (a), we find for =; that, uniformly in ~,

= =T" th% wt 497) + &)’ Lig<py
=T Z Ty et]l{qt<p} + 27" Z Lty EtxtTAR@O - é?)l{QtSW}

+ 71 tha:t 97 TAlﬂftiUtTA (6° el)ﬂ{qéﬁ}
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— 71 Z xtxz—g?]l{qtgﬁ} + Op(1>
t

=T 3wl + 2771 ) wenl sy (I = 00y,
t t

+ T ] 09T (1) — Thy) "] (119 — T11)620 (g, < + 0p(1)

=T wsilig<py + 0p(1), (B.46)
t
Together with the facts that A, = A+ 0,(1 ) O,(1), that the data has bounded fourth
moments by Assumption A.1.2 and that p 2 p° (cf. Lemma 2) it thus follows that
AZAT B ASB[a] s71 < 0] AT (B.47)

For the term =, again by similar reasoning as in case (a) and uniformly in v, we find
that

By =T"" Z wy] [0, (0° — é?) + &l (Lig <y — Lazsy)
t
=T 2w & (Lig<y — Lig<py)
t
+277 Z Itxz—gtI:AT(eo - éiy)(]l{qtﬁ’y} — Lg<p})
AT T Y
+ T thxt —0) Athxt A (6 = 0))(Lig<y — Ligzp})
=T thxt € (Lig<ny — Lig<pt) + 0p(1)
t
=1 Zxﬂt s¢ +a, (1) — H2)9 P(Lazny — Liazpy) + 0p(1)
=T th'rt 57 (L — Laip)
t
+ 277 " s (19 — T12)02(Lig <y — Lig<sy)
+T7 thx;r@gT(H(l) - ﬂQ)Txtxz—fr(H(l] - ﬂQ)QS(]l{QtS’Y} — Lgzpy) + 0p(1)
(B.48)

where the second equality used the fact that w;(1g,<y} — Lig.<s}) = Welig <y} L{g>p} =

Agxtl{qtgw}]l{qpf,} = flgzct(]l{qtg,,} — 1¢4,<p). The third equality holds by the same
reasoning as in the LRF case (cf. Equation (A.32) and the subsequent arguments).
The fourth and fifth equalites utilize the definition of & = €, + (2, — 2t)T62 and the

facts that zt(]l{qtgﬂ,} — ]l{qtg,a}) = 2lig < Lig>py = (H?Txt + ut)(]l{‘ZtS’Y} - ]l{thﬁ}) and
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A(La<y) = La<y) = 2Lt Lo = M3 21 (Lg<yy = Lig<p)):
Next, it holds that p = p° + O,(T~') by Lemma 2 and thus that, uniformly in ~,

Zo=0,(T™) (B.49)

implying that ) R

AyZyA; B0 (B.50)
because Ay = AY + 0,(1) = O,(1) by Lemma 2. Thus, combining (B.47) and (B.50)
yields that, uniformly in ~,

TN iy 6 1g <0y 2> AVE[mer] s711g,<3] A (B.51)
t

Case (c). For both sub-cases of case ¢ it holds that the structural form partition based
on L, <4} is not a further restriction on the (estimated) reduced form partition based on
L{s,<p}» as in sub-case (b.2). To circumvent this problem we will use a decomposition of
the involved summation. That is, in sub-case (c¢.1) we will first sum over all observations
satisfying 1y, <53 = 1, then all observations satisfying 1y4,<p03 — 1y4,<p = 1 and finally
all observations with 14, <,y — Lgg,<,03 = 1. Similarly, in sub-case (c.2) the decomposi-

tion is based on Ly <p0y = 1, Lig<p) — Ligicpoy = 1 and Lig<py — Ligicpy = 1.
Therefore, in sub-case (c.1) it holds that
r Z wtw:éfﬂ{qzﬁw} =7 Z wtw:ézﬂ{qtéﬁ}
¢ ¢
+77 Z wtw:é?(l{qtﬁp‘)} - ]l{QtSﬁ})
t
+77 Z wtw;—é?(l{qtév} - ]l{qépo})
t

t

—Dy
=+ Ag(T_l Z xtx;réf(:ﬂ.{qtgp()} — ]l{qtéﬁ}) )A;—
t
—Ds
+ Ao (T Y el (L) — Tasy) ) AT (B52)
t
—Ds

As already shown (cf. Equation (B.47)) it holds uniformly in 7 that

ADAT B AVR [z $21 1< 0] AT (B.53)
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Moreover, as argued for (B.49) it also holds that
Ay Dy Ay = 0,(1) (B.54)
because p = p° + O,(T~") by Lemma 2 implying Dy = O,(T~") and Ay = A+ o0,(1) by

Lemma 2.
For the remaining quantity D3 in (B.52) we find that

D3 = T thx:é(]l{qtﬁ’}’} - l{qt§p0}>
t
+ o7t Zl’txjgtszT(eo - é?)(]l{qé”/} - ]]'{QtSPO})

+ T thxt — 0T Ayl AJ(0° — 00)(Lgery — Lig<poy) (B.55)

where the last two quantities on the right hand side are, as already shown, of order o,(1)
because §° — 6] = 0,(1) by Lemma 3 and the (scaled) sums are of order O,(1). Thus,

Dy = 71 thxz?g(:ﬂ'{‘hﬁ’)/} - l{qt§p0}> + Op(l). (B56)
t

Last, because & (1ig<y — Lig<p03) = [s¢ + 2/ (I3 — I1,)6° [(Lggi<yy — Lig<p0y) it follows,
as before, that

D3 = T_l thm:sf(]l{qtgw} — :ﬂ.{thPO})
t
+277! Z xtx:stx:(ﬂg - ﬂQ)eg(]l{thV} - ]l{qtépo})
t
+ T " w007 (19 — Tho) Ty (11 — T12)02(T g <) — Lygecy)

=7 Z xtxtTSf(]l{lItSW} - ]]'{Qtﬁpo}) + 0p(1), (B.57)

t

uniformly in 7. )
(B.57) together with (B.52)—(B.54) and that Ay = A+ 0,(1) imply that

T Z wtw:égl{qév} = A?E[Itﬂij«?fﬂ{thpO}]Aﬁ)T
t

+ A(Q)E[gjtx;rsfﬂ{ngv} - ﬂ{qtépo})]AgT- (B.58)
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In sub-case (c.2) we have that
T Z wtw:éfﬂ{qé’y} =T Z wtw:éfl{qtépo}
t t
+T7 Z wtw:é?(ﬂ{qtéﬁ} - ]]'{Qtﬁpo})
t

+77! Zwtw;é?(ﬂ{ngv} ~ Lgzs))

t

= Al(Til Z l’tl’jé?:ﬂ.{qtng} )AI
t

J/

—I
+ A (TN wa! & (Lgspy — Tias) ) AT
—FEs
+A2<T_12xtx;réf(]l{qt§7} . 11{%3,3}))21; (B.59)
t
— I

Again, as already shown it holds uniformly in - that
AVE AT B AR [wa] s71 <] AYT (B.60)

and that
A E2A1 = 0,(1). (B.61)

For the remaining quantity Fs3 in (B.57) it holds uniformly in + that

B3 =T7? Z 'Itx;rgf(]l{fhg'”’ — Lig<py)
t
+277 Z mtl’jgti’??/ﬁ(eo - é’ly)(]l{(hg'}’} - ]l{qéﬁ})
+71" th% 97 TAﬂtxtTA (9 ég)(ﬂ{qtﬁv} - l{qtﬁﬁ})

=T thxt € (Lig<yy — Ligzs) +0p(1) (B.62)
t

as before.
Next, because &(L{g<y) — Lig<p) = s + 2/ (115 — H2)8 J(Lige<yy — Laizpy) it follows
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that

Ey3=T"" thﬂfjsg(ﬂ{qéw} — Lia<p)

t

+277 thx:stxj(ﬂg - ﬂQ)eg(]l{thW} - ]l{thﬁ})
t

+277 E :xt:(:tTQST(Hg - ﬁZ)TxtxtT(Hg - ﬂ2>eg(1{qtﬁv} - ]l{qtéﬁ}) + Op(1>
t

=T7'Y @l s} (L — Ligza) + 0p(1) (B.63)
t

uniformly in ~. )
(B.63) together with (B.57)-(B.61), (B.63) and that A; = AY + 0,(1) for i = 1,2 thus
implies that

T b/ 6L g, <) & AVE[zer] 571g,<,0) AT
t
+ ASE[mtxthf(]l{th,Y} - l{qtépo})]AgTv (B.64)

uniformly in ~.
Thus, combining results (B.42), (B.43), (B.51), (B.58) and (B.64) yield

! Z wtw;é?]l{qtﬁ'y} = A?E[xtxjsfl{qéw\po}]A?T
t
+ AgE[xtxz—S?(]l{QtS’Y} - :I]-{'y/\po})]"élg—r
= Haa1(7) (B.65)

uniformly in v € T'.
With similar reasoning we obtain

-1 N AT A2 P A0 T2 0T
T Zwtwt 6 Ligsyy — ASE[re, 57140, 5y 03] Ag
¢

+ A?E[%ijsf(ﬂ{q»v} - ]l{thWPO})]A(l)T
= Hyo(7) (B.66)

uniformly in v € T'. In fact these derivations follows the same lines as for 7= 3", w0, €71 5,<
with the cases (a) (b) and (c) and their respective sub-cases inverting their roles.

Those two equation together with (B.34), the continuous mapping theorem and weak
convergence uniformly in v thus yields

sup Wiste (7) = E4(N[Cai (M HA1(NCHL(7) + Cab () Haz(7)Ca5(1)] ' Ea(7)

~yel’
(B.67)
proving the claim. 0
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Proof of Corollary 3. Again, we will prove th claim in two steps. First, we show the
desired result for the sup LR-test and afterwards, for the sup Wald-test.

sup LR-test. As in the case of a linear reduced form, the only quantities affected by
Assumption A.2 are GPat1(7y) (and therefore, B 1(7y), Baz2(y) and (7)), Ha1(y) and
H 4 5(7y). Moreover, by the same arguments as in the proof of Corollary 1 it holds that
GPmat1(7) = gbmat,1(fy)Q. Therefore, it immediately follows that Ba(vy) = l’;’Ayl(fy)

and hence, that £(y) = £(7). Thus, the claim immediately follows.

sup Wald-test. As argued above, £(7) = £(v). Hence, as in the linear reduced
form case, we are left to show that [C’;ll (’Y)HA,l(W)CZ}l (7) +C;11 (7)[17,4,1(7)01;11 (=
Caa(7)C 1 Ca1(7) /02 We will do this in the same manner as in the proof of Corollary
1. Te. we will show that Ha;(y) = 0°Ca;(7), i = 1,2. The claim then follows as in the
proof of Corollary 1 by showing that [C () + C 5(7)] ™" = Ca2(7)C; ' Caa(y) via the
Kailath identity.
Under Assumption A.2 it follows for H4 () that
Haa(7) = AE[zeay (e + ) 02)*Ligepnomy] A7
= AJE[zpa, (e + UIQS)Q(H{%SW} - ]l{thv/\po})}AgT
= AJE 22, Lig,<on o El(e + 1) 09)| 24, ] ] AYT
= ASE [gjtxtT(]l{qtiv} - ]l{qtév/\po})E[(et + u:92)2|$t7 QtH AgT
= o’ [AYM(y A ) AT + AG[M () = My A p)) A3
= 0%Ca(), (5.68)
where the last equality holds by definition of C'41(y) (cf. equation (4.5)).
Similarly, for H42(y) we have that
HA,2(7) = A?E[Itl’;l—(‘ft + u;reg)z(:ﬂ-{qz>7} - ]]-{qt>va0})]A(1)T
+ AgE[l‘tm:(e? + UIHE)Qﬂ{qowﬂO}]AgT
= o?[AN[Ma(7) — Ma(y v p")JATT + A3M(y v o) A3, (B.69)
Next, note that

Caa(7) =Ca—Car(v)
= AYM(P°) A} + AMo(p°)A3"
— ATM (v A p°)ATT — AGM (1) Ay + AgMy(y A p7) AT
= AQ M (p°) = Mi(y A ) AYT
+ AQ[Mo(p°) — Mi(y) + Mi(y A )] A" (B.70)
So, in a last step of proving that H4s(y) = 02Caa(7y) we need to show that

A[Ms(y) = Ma(y V p")]AYT + AJMo(y v p°) AJT
=AMy (p°) — Mi(y A pO)JAYT + AS[Ma(p°) — Mi(vy) + My(y A p)]AST.  (B.71)
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Therefore, note that

Mi(p°) = M — My (p°) (B.72a)
Mi(y A p°) = M — My(y) — Ma(p") + Ma(vy V %) (B.72b)
Mi(y) = M — Ms(). (B.72¢)

Finally, plugging (B.72a)—(B.72¢) into (B.71) yields the desired result that Ha(y) =
02C 4 2(7) and together with (B.68) that

Can() + Cap()]™
CH MO0 + O ()Ca ) = L2t Zasi

g

Finally, applying the Kailath identity to the numerator of this last expression, as in the
linear reduced form case, yields the claim that

ExMICLL M HAL(7)CL () + Cob (N Ha2()Ch5(0)] Ea()
_Ei(1)Ca2(MC5 Can(v)€a(v)

2

o

C. GMM Results

Proof of Corollary /. First we note that by Assumption A.1.4 it follows that Prob(g; <
v) = G(7) is continuous. Further, we will replace the threshold parameter vy by an equiv-
alent value, say A, defined on the open unit interval (0;1). To see how this works, note
first that I' C (Ymin, Ymax)- Then, Prob(¢; < Ymim) = 0 and Prob(¢; < Ymax) = 1. Sup-
pose now, that I' can be defined in terms of a cut-off value, say the x-th quantile, i.e.
I' = [Vk,71-x). Then equivalently, we have Prob(¢; < ) = A for all v € T" where \ is
uniformly distributed on A, = (k;1 — k), i.e A ~ U(A,,).

Now, by Assumption A.3, we have that

D7) =22 D(y) =1-1)Q (C.1)
Ni(y) = AN, Ny(y)=(1-A)N (C.2)
Vily) = AN INQTINT] T =AY (C.3)
Va(y) = (1= N [NQOTINT] T = (1= )7V (C.4)
1%
Vi(y) +Va(y) = =N (C.5)
Vi) Ni(7)97H (v) = ATV NQT (C.6)
Va(y)Na ()5 () = (1 = A)T'VNQ (C.7)

Moreover, (C.1) implies that —under Assumptions A.2 and A.3— the Gaussian process
GP1(7) can be restated as

GP1(y) = QZBM()) (C.8)
GP = QY2BM(1) (C.9)
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where BM(-) is a ¢ x 1-vector of independent Brownian motions on the unit interval.
Thus, the term Vi (y)N1(7)Q7 (7)GP1(v) — Va(v)Na(7)Q25 1 (7)GPa(7)) can be restated
in terms of A as
Vi) N (1) (1)GP1(7) = Va() N2 (1) (7)GPa(v)

= A\ WNQV2ZBMN) — (1 = N 'WNQ Y2 BM(1) — BM(N))

_ VNQ 'ZBM(X) — AVNQ2BM(1)

B A1 —N) ‘
Hence, using results (C.5) and (C.10) the asymptotic distribution simplifies, again using
similar arguments as in the proof of Corollary 2, to

[VNQ-V2BM(N) — AVNQ-2BM(1)]
A1 —N)

(C.10)

x V7INL = )N)
[VNQ™V2ZBM(X) — AVNQY2BM(1)]
21—\
— [VV2NQ'2BM(\) — AV NQ2BM(1)]
1

NN

x [VIENQTVZBM(N) — AVI2ANQ Y2 BM(1)] . (C.11)
Now, for the expression VY2NQ~Y2BM(A) in (C.11) we find

VIENQTPBM(A) ~ N (0, VIENQTINTV?)

= N(0,,1,) (C.12)

where the equality uses V = (NQ N T)~L. Thus, we have

X

VI2NQ2BM(A) 2 BM()) (C.13)

where BM () is a p x 1-vector of independent Brownian motions on the unit interval.
Similarly,

VI2NQPBM(1) 2 BM(1). (C.14)
Combining results (C.11)—(C.14) then immediately yields
Vi) ()GPY () = Va(n)Na(1) 25 (1GPY ()]

x Vi(y) + Ve(y)] ™

< [Vi(N()Q (MGPY (1) = Va(y) N (1) (1)GP5 (7))

p [BM(A) = ABM(1)]" [BM(A) = ABM(1)] (C.15)

A1 —A) ' ‘

The claim then follows by continuity of the process [BM(A) — ABM(1)], the continuous
mapping theorem and weak convergence (uniform in \). O]
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