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Abstract

We analytically investigate size and power properties of a popular family of procedures for
testing linear restrictions on the coefficient vector in a linear regression model with temporally
dependent errors. The tests considered are autocorrelation-corrected F-type tests based on
prewhitened nonparametric covariance estimators that possibly incorporate a data-dependent
bandwidth parameter, e.g., estimators as considered in Andrews and Monahan (1992), Newey
and West (1994), or Rho and Shao (2013). For design matrices that are generic in a measure
theoretic sense we prove that these tests either suffer from extreme size distortions or from
strong power deficiencies. Despite this negative result we demonstrate that a simple adjustment
procedure based on artificial regressors can often resolve this problem.
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1 Introduction

The construction of tests for hypotheses on the coefficient vector in linear regression models with
dependent errors is highly practically relevant and has received lots of attention in the statistics and
econometrics literature. The main challenge is to obtain tests with good size and power properties
in situations where the nuisance parameter governing the dependence structure of the errors is
high- or possibly infinite-dimensional and allows for strong correlations. The large majority of
available procedures are autocorrelation-corrected F-type tests, based on nonparametric covariance
estimators trying to take into account the autocorrelation in the disturbances. These tests can
roughly be categorized into two groups, the distinction depending on the choice of a bandwidth
parameter in the construction of the covariance estimator. The first group of such tests, so-called
‘HAC tests’, incorporates bandwidth parameters that lead to consistent covariance estimators, and
to an asymptotic y2-distribution of the corresponding test statistics under the null hypothesis,
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the quantiles of which are used for testing. Concerning ‘HAC tests’, important contributions in
the econometrics literature are Newey and West (1987), Andrews (1991), Andrews and Monahan
(1992), and Newey and West (1994). It is safe to say that the covariance estimators introduced in
the latter two articles currently constitute the gold standard for obtaining ‘HAC tests’. In contrast
to the estimator suggested earlier by Newey and West (1987) - structurally 27 times a standard
kernel spectral density estimator (Bartlett (1950), Jowett (1955), Hannan (1957), and Grenander
and Rosenblatt (1957) Section 7.9) evaluated at frequency 0 - the covariance estimators suggested
in Andrews and Monahan (1992) and Newey and West (1994) both incorporate an additional
prewhitening step based on an auxiliary vector autoregressive (VAR) model, as well as a data-
dependent bandwidth parameter. A distinguishing feature of the estimators introduced by Andrews
and Monahan (1992) on the one hand and Newey and West (1994) on the other hand is the choice of
the bandwidth parameter: Andrews and Monahan (1992) used an approach introduced by Andrews
(1991), where the bandwidth parameter is chosen based on auxiliary parametric models. In contrast
to that, Newey and West (1994) suggested a nonparametric approach for choosing the bandwidth
parameter. Even though simulation studies have shown that the inclusion of a prewhitening step
and the data-dependent choice of the bandwidth parameter can improve the finite sample properties
of ‘HAC tests’, the more sophisticated ‘HAC tests’ so obtained still suffer from size distortions and
power deficiencies. For this reason Kiefer et al. (2000), Kiefer and Vogelsang (2002), and Kiefer
and Vogelsang (2005) suggested to choose the bandwidth parameter as a fixed proportion of the
sample size. This framework leads to an inconsistent covariance estimator and to a non-standard
limiting distribution of the corresponding test statistic under the null, the quantiles of which are
used to obtain so called ‘fixed-b tests’. In simulation studies it has been observed that ‘fixed-b
tests’ still suffer from size distortions in finite samples, but less so than ‘HAC tests’. However, this
is at the expense of some loss in power. Similar as in ‘HAC testing’ simulation results in Kiefer
and Vogelsang (2005) and Rho and Shao (2013) suggest that the finite sample properties of ‘fixed-b
tests’ can be improved by incorporating a prewhitening step. In the latter paper it was furthermore
shown that the asymptotic distribution under the null of the test suggested by Kiefer et al. (2000)
is the same whether or not prewhitening is used.

A number of recent studies (Velasco and Robinson (2001), Jansson (2004), Sun et al. (2008,
2011), Zhang and Shao (2013)) tried to use higher order expansions to uncover the mechanism
leading to size distortions and power deficiencies of ‘HAC tests’ and ‘fixed-b tests’. These higher-
order asymptotic results (and also the first-order results discussed above) are pointwise in the sense
that they are obtained under the assumption of a fixed underlying data-generating-process. Hence,
while they inform us about the limit of the rejection probability and the rate of convergence to this
limit for a fixed underlying data-generating-process, they do not inform us about the size of the test
or its limit as sample size increases, nor about the power function or its asymptotic behavior. Size
and power properties of tests in regression models with dependent errors were recently studied in
Preinerstorfer and Poétscher (2014a): In a general finite sample setup and under high-level conditions
on the structure of the test and the covariance model, they derived conditions on the design matrix
under which a concentration mechanism due to strong dependencies leads to extreme size distortions
or power deficiencies. Furthermore, they suggested an adjustment-procedure to obtain a modified
test with improved size and power properties. Specializing their general theory to a covariance model
that includes at least all covariance matrices corresponding to stationary autoregressive processes of
order one (AR(1)), they investigated finite sample properties of ‘HAC tests’ and ‘fixed-b tests’ based
on non-prewhitened covariance estimators with data-independent bandwidth parameters (covering
inter alia the procedures in Newey and West (1987), Sections 3-5 of Andrews (1991), Hansen (1992),



Kiefer et al. (2000), Kiefer and Vogelsang (2002, 2005), Jansson (2002, 2004), but not the methods
considered by Andrews and Monahan (1992), Newey and West (1994) or Rho and Shao (2013)). In
this setup Preinerstorfer and Potscher (2014a) demonstrated that these tests break down in terms
of their size or power behavior for generic design matrices. Despite this negative result, they also
showed that the adjustment procedure can often solve these problems, if elements of the covariance
model which are close to being singular can be well approximated by AR(1) covariance matrices.

Preinerstorfer and Potscher (2014a) did not consider tests based on prewhitened covariance
estimators or data-dependent bandwidth parameters. Therefore the question remains, whether the
more sophisticated ‘HAC tests’ typically used in practice (i.e., tests based on the estimators by
Andrews and Monahan (1992) or Newey and West (1994)) and the prewhitened ‘fixed-b tests’ (i.e.,
tests as considered in Rho and Shao (2013)) also suffer from extreme size distortions and power
deficiencies, or if prewhitening and the use of data-dependent bandwidth parameters can indeed
resolve or at least substantially alleviate these problems. In the present paper we investigate finite
sample properties of tests based on prewhitened covariance estimators or data-dependent bandwidth
parameters. In particular our analysis covers tests based on prewhitened covariance estimators using
auxiliary AR(1) models for the construction of the bandwidth parameter as discussed in Andrews
and Monahan (1992), tests based on prewhitened covariance estimators as discussed in Newey and
West (1994), and prewhitened ‘fixed-b’ tests as discussed in Rho and Shao (2013). We show that the
tests considered, albeit being structurally much more complex, exhibit a similar behavior as their
non-prewhitened counterparts with data-independent bandwidth parameters: First, we establish
conditions on the design matrix under which the tests considered have (i) size equal to one, or (ii)
size not smaller than one half, or (iii) nuisance-minimal power equal to zero, respectively. We then
demonstrate that at least one of these conditions is generically satisfied, showing that the tests
considered break down for generic design matrices. Motivated by this negative result, we introduce
an adjustment procedure. Under the assumption that elements of the covariance model which are
close to being singular can be well approximated by AR(1) covariance matrices, we show that the
adjustment procedure, if applicable, leads to tests that do not suffer from extreme size distortions
or power deficiencies. Finally, it is shown that the adjustment procedure is applicable under generic
conditions on the design matrix, unless the regression includes the intercept and the hypothesis
to be tested restricts the corresponding coeflicient. On a technical level we employ the general
theory developed in Preinerstorfer and Potscher (2014a). We remark, however, that the genericity
results in particular do not follow from this general theory. Rather they are obtained by carefully
exploiting the specific structure of the procedures under consideration.

The paper is organized as follows: The framework is introduced in Section In Section
we introduce the test statistics, covariance estimators, and bandwidth parameters we analyze. In
Section [4] we establish our negative result and its genericity. In Section[5]we discuss the adjustment-
procedure and its generic applicability. Section [6]concludes. The proofs are collected in Appendices

[AHC]

2 The Framework

Consider the linear regression model
Y =X3+ U, (1)

where X is a (real) n x k dimensional non-stochastic design matrix satisfying n > 2, rank(X) = k
and 1 < k < n. Here, B € R* denotes the unknown regression parameter vector, and the disturbance



vector U = (uy,...,u,) is Gaussian, has mean zero and its unknown covariance matrix is given
by 02%. The parameter o satisfies 0 < 02 < 0o and ¥ is assumed to be an element of a prescribed
(non-void) set of positive definite and symmetric n x n matrices €, which we shall refer to as the
covariance model. Throughout we impose the assumption on ¢ that the parameters 02 and ¥ can
be uniquely determined from o23.

Remark 2.1. The leading case we have in mind is the situation where uy,...,u, are n consecutive
elements of a weakly stationary process. In such a setup a covariance model is typically obtained
from a prescribed (non-void) set of spectral densities F. Assuming that no element of F vanishes
identically almost everywhere, the covariance model corresponding to F is then given by

C(F) ={%(f): fe F},

with ~ - "
50 = (| ewt-oni-soar/ [~ san) @)

- —m i,j=1

and where ¢ denotes the imaginary unit. Every such 3(f) is positive definite and symmetric. Fur-
thermore, since ¥(f) is a correlation matrix, 0 and X(f) can uniquely be determined from 2% (f).
As outlined in the Introduction the tests we shall investigate in this paper are particularly geared
towards setups where F is a nonparametric class of spectral densities, i.e., where the corresponding
set €(F) is rich. A typical example is the class F¢, which consists of all spectral densities of linear
processes the coefficients of which satisfy a certain summability condition, i.e., spectral densities of
the form )

fo) =@m)™

ch exp(—tjA)
=0

where, for a fixed £ > 0, the summability condition 0 < Z;io j%lej| < oo is satisfied. We observe
that €(F¢) contains in particular all correlation matrices corresponding to spectral densities of
stationary autoregressive moving average models of arbitrary large order.

The linear model described in (1)) induces a collection of distributions on (R™, B(R™)), the sample
space of Y. Denoting a Gaussian probability measure with mean p € R™ and covariance matrix
0?% by P, ,2x and denoting the regression manifold by 9 = span(X), the induced collection of
distributions is given by

{Pﬂ’gzg:u6m70<02<oo,266}. (3)

Since every X € € is positive definite by definition, each element P, ;25 of the set in the previous
display is absolutely continuous with respect to (w.r.t.) Lebesgue measure on R™.

In this setup we shall consider the problem of testing a linear hypothesis on the parameter vector
B € RF, i.e., the problem of testing the null RS = r against the alternative Rf3 # r, where R is a
q X k matrix of rank ¢ > 1 and r € R?. Define the affine space

Moy={pneM:p=Xpand RG =r}

and let
My =IM\My={peM: u=XBand R #r}.

Adopting these definitions, the above testing problem can be written as

Hy:peMy, 0<o?<o0, Le€ vs. Hi:peM, 0<o?<o0, LeC, (4)



where it is emphasized that the testing problem is a compound one. It is immediately clear that size
and power properties of tests in this setup depend in a crucial way on the richness of the covariance
model €.

Before we close this section by introducing some further terminological and notational conven-
tions, some comments on how the above assumptions can be relaxed are in order: We remark that
even though our setup assumes a non-stochastic design matrix, the results immediately carry over
to a setting where the data generating processes of the design and the disturbances are independent
of each other. In such a setup our results deliver size and power properties conditional on the
design. The Gaussianity assumption might seem to be restrictive. However, as in Section 5.5 of
Preinerstorfer and Pétscher (2014a), we mention that the negative results given in Section |4| of the
present paper immediately extend in a trivial way without imposing the Gaussianity assumption
on the error vector U in ([1)), as long as the assumptions on the feasible error distributions are weak
enough to ensure that the implied set of distributions for Y contains the set in Equation , but
possibly contains also other distributions. Furthermore, by applying an invariance argument (ex-
plained in Preinerstorfer and Potscher (2014a) Section 5.5) one can easily show that all statements
about the null-behavior of the procedures under consideration derived in the present paper carry
over to the more general distributional setup where U is assumed to be elliptically distributed. This
is to be understood as U having the same distribution as moX/?E, where 0 < 0 < 00, ¥ € €,
E is a random vector uniformly distributed on the unit sphere S"~!, and m is a random variable
distributed independently of E and which is positive with probability one.

We next collect some further terminology and notation used throughout the whole paper. A
(non-randomized) test is the indicator function of a set W € B(R™), i.e., the corresponding rejection
region. The size of such a test (rejection region) is the supremum over all rejection probabilities
under the null hypothesis Hy, i.e.,

sup sup sup P, 25 (W).
HEM 0<o2< 00 LEC

Throughout the paper we let BX(y) = (X’Xf1 X'y, where X is the design matrix appearing
in and y € R™. The corresponding ordinary least squares (OLS) residual vector is denoted
by ix(y) =y— X Bx(y). The subscript X is omitted whenever this does not cause confusion.
Random vectors and random variables are always written in bold capital and bold lower case
letters, respectively. We use Pr as a generic symbol for a probability measure and denote by F
the corresponding expectation operator. Lebesgue measure on R" will be denoted by Agr-». The
Euclidean norm is denoted by [|-||, while d(x, A) denotes the Euclidean distance of the point x € R™
to the set A C R™. For a vector z in Euclidean space we define the symbol (x) to denote +z for
x # 0, the sign being chosen in such a way that the first nonzero component of (x) is positive,
and we set (0) = 0. The j-th standard basis vector in R™ is denoted by e;(n). Let B" denote the
transpose of a matrix B and let span (B) denote the space spanned by its columns. For a linear
subspace £ of R” we let £ denote its orthogonal complement and we let I denote the orthogonal
projection onto £. The set of real matrices of dimension m x n is denoted by R™*™. Lebesgue
measure on this set equipped with its Borel o-algebra is denoted by Agmx». We use the convention
that the adjoint of a 1 x 1 dimensional matrix D, i.e., adj(D), equals one. Given a vector v € R™
the symbol diag(v) denotes the m x m diagonal matrix with main diagonal v. We define

Xo = {X e R™* : rank(X) = k},



i.e., the set of n x k design matrices of full rank, and whenever k£ > 2 we define
Xy = {X e R rank((ey, X)) = k}

which is canonically identified (as a set) with the set of n x k design matrices of full column rank
the first column of which is the intercept ey = (1,...,1)" € R™.

3 Tests based on prewhitened covariance estimators

In the present section we formally describe the construction of tests based on prewhitened covariance
estimators. These tests (cf. Remarkbelow and the discussion preceding it) reject for large values

of a statistic _ R
T(y)_{uw() QT W)(RB) — 1) iy ¢ N, )

0 else,

where

Qy) = nRX'X) () (X' X) 'R,
and . .
N*(Q) = {y € R™ : Q(y) is not invertible or not well deﬁned} .

The quantity ] appearing in the definition of Q) above denotes a (VAR-) prewhitened nonparametric
estimator of n~' E(X’UU’X) that incorporates a bandwidth parameter which might depend on the
data. Such an estimator is completely specified by three core ingredients: First, a kernel k : R — R,
i.e., an even function satisfying x(0) = 1, such as, e.g., the Bartlett or Parzen kernel; second, a (non-
negative) possibly data-dependent bandwidth parameter M; and third, a deterministic prewhitening
order p, i.e., an integer satisfying 1 < p < n/(k + 1) (cf. Remark . Specific choices of M
are discussed in detail in Section All possible combinations of k, M and p we analyze are
specified in Assumption [1] of Section Once these core ingredients have been chosen, one obtains
a prewhitened estimator ¥, which is computed at an observation y following the Steps (1) - (3)
outlined subsequently (cf. also den Haan and Levin (1997)). We here assume that the quantities
involved (e.g., inverse matrices) are well defined, cf. Remark 3 - below, and follow the convention
in the literature and leave the estimator undefined at y else. Using this convention \I/( ) is obtained
as follows:

1. To prewhiten the data a VAR(p) model is fitted via ordinary least squares to the columns
of V(y) = X' diag(a(y)). One so obtains the VAR(p) residual matrix Z(y) € R¥*("=P) with

columns

A~ p A

Z-(j—p)( = ZAZ( V(J l)( ) forj=p+1,...,n
The k x (kp)-dimensional VAR(p)-OLS estimator is given by

—1

A () = (AP @), AP W) = )W) (W)



where V,,(y) = (V.(]H_l)(y), ce Vn(y)) € R¥*("=P) and the j-th column of V; (y) € RF¥»*(n—»)

A ~ ~ !/
equals (V,;er_l(y), s Vi (y), V;(y)) € R*? for j = 1,...,n—p. In matrix form we clearly
have Z(y) = Vo (y) — AP (1) Vi (y).

2. Then, one computes the quantities

1 n—p 5 71 ; ‘ —p—
fl(y) — ?fp Zj:i+1 Z'] (y)Z(jfz) (y) if 0 S ¢ S n—p 1’
I'_i(y) if0<—i<n—p-—1,

and defines the preliminary estimate

n—p—1

Uly)= D w(i/M@y)Tiy),

i=—(n—p—1)
where in case M (y) = 0 one sets k(i/M(y)) =0 for i # 0 and «(i/M (y)) = x(0) for i = 0.

3. Finally, the preliminary estimate ‘i/(y) is ‘recolored’ using the transformation

U(y) = (IkZAl“’)(y)) U (y) <Ik221§p’<y>>
=1 =1

1 /

Remark 3.1. The construction of \Ai/(y) outlined above clearly assumes that (i) A®)(y) is well
defined, which is equivalent to rank(Vi(y)) = kp; that (ii) M(y) is well defined, which depends on
the specific choice of M (cf. Section ; and that (iil) 7 — Y7, /All(.p )(y) is invertible.

Remark 3.2. By assumption, all possible VAR orders p we consider must satisfy p < n/(k + 1).
This is done to rule out degenerate cases: for if p > n/(k + 1), then rank(V; (y)) < kp would follow,
because of Vi (y) € R¥*(=P)  Hence the covariance estimator would nowhere be well defined for
such a choice, because (i) in Remark would then clearly be violated at every observation y.

Remark 3.3. In the present paper we focus on VAR prewhitening based on the OLS estimator.
This is in line with the original suggestions by Newey and West (1994), as well as with Rho and
Shao (2013). Alternatively, for p = 1, Andrews and Monahan (1992) suggested to use an eigenvalue
adjusted version of the OLS estimator, the adjustment being applied if the matrix [ k—flgl) (y) is close
to being singular. We shall focus on the unadjusted OLS estimator for the following reasons: Newey
and West (1994) reported that the finite sample properties show little sensitivity to this eigenvalue
adjustment. Furthermore, it is the unadjusted estimator that is often used in implementations of
the method suggested by Andrews and Monahan (1992) in software packages for statistical and
econometric computing (e.g., its implementation in the R package sandwich by Zeileis (2004), or its
implementation in EViews, e.g., Schwert (2009), p. 784.). We remark, however, that one can obtain
a negative result similar to Theorem [1.2] and a positive result concerning an adjustment procedure
similar to Theorem [5.4] also for tests based on prewhitened estimators with eigenvalue adjustment.
Furthermore, we conjecture that it is possible to prove (similar to Proposition the genericity of
such a negative result, and to show that one can (similar to Proposition generically resolve this
problem by using the adjustment procedure. We leave the question of which estimator to choose
for prewhitening to future research.



In a typical asymptotic analysis of tests based on prewhitened covariance estimators the event
N*(Q) is asymptotically negligible (since €2 converges to a positive definite, or almost everywhere
positive definite matrix). Hence there is no need to be specific about the definition of the test

statistic for y € N*(£2), and one can work directly with the statistic

y = (RB(y) =)@ (y)(RB(y) — ), (6)

which is left undefined for y € N*(Q2). In a finite sample setup, however, one has to think about

the definition of the test statistic also for y € N*(£2). Our decision to assign the value 0 to the test

statistic for y € N*(€) is of course completely arbitrary. That this assignment does not affect our
results at all is discussed in detail in the following remark.

Remark 3.4. Given that the estimator () is based on a triple k, M, p that satisfies Assumption
introduced below (which is assumed in all of our main results, and which is satisfied for covari-
ance estimators using auxiliary AR(1) models for the construction of the bandwidth parameter as
considered in Andrews and Monahan (1992), for covariance estimators as considered in Newey and
West (1994), and for covariance estimators as considered in Rho and Shao (2013)), it follows from
Lemma that N*(Q) is either a Agn-null set, or that it coincides with R™. In the first case,
which is generic under weak dimensionality constraints as shown in Lemma the definition of
the test statistic on N* (Q) does hence not influence the rejection probabilities, because our model is
dominated by Ag» (€ contains only positive definite matrices). Therefore, size and power properties
are not affected by the definition of the test statistic for y € N*(Q) In the second case, i.e., if
N *(Q) coincides with R"™, the statistic in @ is nowhere well defined, and hence, regardless of which

value is assigned to it for observations y € N*(2), the resulting test statistic is constant, and thus
the test breaks down trivially.

3.1 Bandwidth parameters

In the following we describe bandwidth parameters M that are typically used in Step 2 in the
construction of the prewhitened estimator U as discussed above: The parametric approach (based
on auxiliary AR(1) models) suggested by Andrews (1991) and Andrews and Monahan (1992), the
nonparametric approach introduced by Newey and West (1994), and a data-independent approach
which was already investigated in Kiefer and Vogelsang (2005) in simulation studies and which has
recently been theoretically investigated by Rho and Shao (2013). Since the bandwidth parameter
M is computed in Step 2 in the construction of W(y), we assume that x, p and y are given and
that Step 1 has already been successfully completed, i.e., all operations in Step 1 are well defined
at y, in particular Z (y) is available for the construction of M. If not, we leave the bandwidth
parameter (and hence the covariance estimator) undefined at y. We also implicitly assume that the
quantities and operations appearing in the procedures outlined subsequently are well defined and
leave the bandwidth parameter (and hence the covariance estimator) undefined else. A detailed
structural analysis of the subset of the sample space where a prewhitened estimator Q is well
defined is then later given in Lemma [3.9in Section |3.3] Finally, we emphasize that the bandwidth
parameters discussed subsequently all require the choice of additional tuning parameters. These
tuning parameters are typically chosen independently of y and X, an assumption we shall maintain
throughout the whole paper (but see Remark for some generalizations).



3.1.1 The parametric approach of Andrews and Monahan (1992)

Let w € R* be such that w # 0 and w; > 0 for i = 1,...,k, i.e., w is a weights vector. Based on
this weights vector the bandwidth parameter is now obtained as follows: First, univariate AR(1)
models are fitted via OLS to Z;.(y) for i = 1,...,k, giving

n—p—1
pi(y) = Zij(yY) Zij—1) (y) / Z Zij(y)? fori=1,...,k,
j=1

57 (y) = (n—p—1)" Z( i) Zig-n)(y ))2 fori=1,...,k,

where we note that n —p —1 > 0 holds as a consequence of n > 2 and 1 < p < 75
calculates

k 4

)&i‘(y) iy
szl_ )6(1 + pi(y))? /Zwl(l—ﬁi(y))‘“

k
. 4pi(y
az(y)zzwl(p /z; 1—pz (1= pily)*

i=1

Finally, bandwidth parameters are obtained via
Mansjwe(y) = e1 (@5(y)n)™  for j=1,2,

where to obtain a bandwidth parameter, one has to fix the constants ¢; > 0, co > 0 and j and
where ¢ = (¢1,c2). Typically the choice of these constants and the choice of j depends on certain
characteristics of k (for specific choices see Andrews (1991), Section 6, in particular p. 834). For
example, if x is the Bartlett kernel one uses ¢; = 1.1447, ¢ = 1/3 and j = 1, or if k is the Quadratic-
Spectral kernel one would use ¢; = 1.13221, ¢co = 1/5 and j = 2. Since we do not need such a
specific dependence to derive our theoretical results, we do not impose any further assumptions on
these constants beyond being positive (and independent of y and X). We shall denote by M 4 the
set of all bandwidth parameters that can be obtained as special cases of the method in the present
section, by appropriately choosing - functionally independently of y and X - a weights vector w,
constants ¢; > 0, co > 0 and a j € {1,2}.

Remark 3.5. Since n, k and ¢ are fixed quantities, the tuning parameters w, ¢; for : = 1,2 and j
might also depend on them, although we do not signify this in our notation. A similar remark applies
to the constants appearing in Section and in Section Although we do not provide any
details, we furthermore remark that one can extend our analysis to bandwidth parameters as above,
but based on estimators other than p;, e.g., all estimators satisfying Assumption 4 of Preinerstorfer
and Potscher (2014a) such as the Yule-Walker estimator or variants of the OLS estimator.

3.1.2 The non-parametric approach of Newey and West (1994)

Let w € R¥ be as in Section and let w(i) > 0 for |{| = 0,...,n — p — 1 be real numbers such
that w(0) = 1. For example, Newey and West (1994) suggested to use rectangular weights, i.e.,

wi) = {1 i i < 4(n/100°),

0 else,



where |.| denotes the floor function. Define for every |i| =0,...n —p—1

n—p
3i(y) = w'Ti(y)w = (n—p) " Z W' 252G ().
j=lil+1

A bandwidth parameter is then obtained via

2 c3
n—p—1 n— p 1
Mywows@ = || 3 liPw@ody / wioiw)| n|
i=—(n—p—1) i=—(n—p—1)

where ¢ is a positive integer, where ¢; and ¢s are positive real numbers and where ¢ = (¢1, €o, C3).
These numbers are constants independent of y and X and have to be chosen by the user. The
choice typically depends on the kernel (for the specific choices we refer the reader to Newey and
West (1994), Section 3). As in the previous section, we do not impose any assumptions beyond
positivity (and independence of y and X) on the constants. Furthermore, we shall denote by My
the set of all bandwidth parameters that can be obtained as special cases of the method in the
present section, by appropriately choosing - functionally independently of y and X - a weights
vector, numbers w(i) > 0 for || =0,...,n —p—1, ¢ a positive integer, ¢2 > 0 and &5 > 0.

Remark 3.6. (i) The method described here is the ‘real-bandwidth’ approach suggested in Newey
and West (1994), as opposed to the ‘integer-bandwidth’ approach. In the latter approach one
would use 14+ | Myw,w,wz(y)] instead of Myw . w,z(y). Both approaches are asymptotically equiv-
alent (Newey and West (1994), Theorem 2) for most kernels (including the Bartlett kernel which
is suggested in Newey and West (1994)). Therefore, they are equally plausible in terms of their
theoretical foundation. For the sake of simplicity and comparability with the bandwidth parameter
as suggested by Andrews and Monahan (1992), which is not an integer in general, we have chosen
to focus on the ‘real-bandwidth’ approach.

(ii) Newey and West (1994), p. 637, in principle also allow for ¢; = 0 (¢ = 0 in their notation) in the
definition of their estimator. We do not allow for such a choice. However, note that ¢; = 0 implies
Myw,wwe(y) = Gon®. This is a data-independent bandwidth parameter. These parameters are
separately treated in Section [3.1.3

3.1.3 Data-independent bandwidth parameters

Kiefer and Vogelsang (2005) and Rho and Shao (2013) studied properties of prewhitened ‘fixed-
b tests’. Here one sets M = b(n — p) where b € (0,1] is functionally independent of y and X.
For example, in Rho and Shao (2013) the choice b = 1 is studied. These approaches all lead to
bandwidth parameters Mgy > 0, that are functionally independent of both X and y. We denote
the set of such bandwidth parameters by Mgy .

3.2 Assumptions on x, M and p

Different combinations of kernels k, bandwidth parameters M and VAR orders p obviously lead to
different estimators. We indicate the dependence of the estimator on these quantities by writing
Q,.i M,p- In the present paper we shall consider estimators QN M,p based on a triple x, M, p which
satisfies the following assumption:
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Assumption 1. The triple x, M, p satisfies:

1. s : R — R is an even function and x(0) = 1. Furthermore, s is continuous, satisfies
lim, o #(2) = 0, and for every real number s > 0 and every positive integer J the J x J
symmetric Toeplitz matrix with ij-th coordinate x((i — j)/s) is positive definite.

2. M € My UMpyw UMgy.
3. pis an integer satisfying 1 < p < n/(k+1).

Remark 3.7. First, we remark that the positive definiteness assumption in Part 1 of Assumption
is natural in our context, because it guarantees that QN, M,p is nonnegative definite whenever it
is well defined. Furthermore, it allows us to derive simple conditions for positive definiteness of
Q& M,p (cf. Lemma . It is well known that many kernels used in practice satisfy the positive
definiteness assumption, e.g., the Bartlett, Parzen, and Quadratic-Spectral kernel. Secondly, we
note that in principle Assumption [If does not prohibit a combination of Maps1,w,c € Man with a
second order kernel, or the combination of M2 w.c € Maps with a first order kernel. It also allows
for a combination of elements of My with a prewhitening order p > 1 and for the combination of
elements of Mgy with a kernel other than the Bartlett kernel. This goes well beyond the original
suggestions in Andrews and Monahan (1992), Newey and West (1994) and Rho and Shao (2013),
but we include these additional possibilities for convenience. We also remark that since we assume
throughout that n > k, the set of VAR orders satisfying the third part of Assumption [I] always
includes the order p = 1.

Remark 3.8 (Tuning parameters depending on the design). The tuning parameters used in the
construction of M € My UMpyw UMpgy, e.g., the weights vector w used in the construction of
M € Mgy UMpyw, are by definition functionally independent of y and X. Requiring that the
tuning parameters are independent of X is not a restriction in all results of the present paper in
which the design matrix X is fized (i.e., Theorem M, Proposition and Theorem [5.4)). To see
this, suppose that a design matrix X as in is given, that x and p satisfy the first and third
part of Assumption [T} respectively, and that M is constructed as in one of the Sections
but with a vector of tuning parameters c*(.), say, that is not constant on Xy. The triple
r, M, p hence does not satisfy Assumption [1} Let M be the bandwidth parameter that is obtained
from M by replacing the vector of tuning parameters ¢*(.) by é = ¢*(X). Clearly, k&, M, p satisfies
Assumption and the test statistics as in Equation based on Q& W.p and Q,ﬁ’ M,p, Tespectively,
coincide for this specific X.

3.3 Structural properties of prewhitened covariance estimators

The study of finite sample properties of a test based on the statistic in Equation with 0 = QK, M,p
requires a detailed understanding of definiteness properties of the covariance estimator €, s, and
of the structure of the set N*(, ar,). Denoting the subset of the sample space R™ where €y ar,p

is not well defined by N (€2 as,p), We can write

N* (e ptp) = N(S010) U {y € RN (1) 1 det(Qnrp(1)) = 0}

As a first step we study N(Q, as,) in the subsequent lemma, where it is shown that N (€ ar,) is

algebraic. The lemma also characterizes the dependence of N (2, as,,) on the design matrix, which
will later be useful for obtaining our genericity results.
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Lemma 3.9. Assume that the triple , M, p satisfies Assumption [l Then,

N(QR,MAD) = {y e R™: gK,M,p(an) = 0}7

where gy arp 2 R X R™* — R is a multivariate polynomial (explicitly constructed in the proof). As

a consequence N (. ar.p) is an algebraic set. Furthermore, g, ar.p does not depend on the hypothesis
(R, 7).

The subsequent lemma discusses definiteness and regularity properties of Qm M,p and shows that

N *(QK M,p) is an algebraic subset of R"”. Again the dependence of this algebraic set on the design
is clarified. Given a prewhitening order p satisfying Part 3 of Assumption [I} we define for every
y € R" such that A®)(y) is well defined and such that I — 3*_, A" (y) is invertible the matrix

1

By(y) = R(X'X)~ <Ik—ZA(”) ) Z(y)- (7)

Lemma 3.10. Assume that the triple k, M, p satisfies Assumption[]l Then the following holds:

1. Qe mp(y) is nonnegative definite if and only if ge amp(y, X) # 0.

2. Qi p(y) is singular if and only if g p(y, X) # 0 and rank(B,(y)) < q.
3. Q. Mp(y) 0 if and only if gi.mp(y, X) # 0 and By(y) = 0.

4. Q. Mp(y) is positive definite if g arp(y, X) # 0 and rank(Z(y)) =k.

5. We have

N*(Qn,]\/[,p> = {?J € R™ : g:,M’p(yuX7 R) = O} )
where gy a0 R™ X Rk x RI¥F 5 R is a multivariate polynomial (explicitly constructed

in the proof). As a consequence N*(Quarp) is an algebraic set. Furthermore, G rrp S
independent of r.

It is a well known fact that an algebraic subset of R" is either a closed Agn-null set, or coincides
with R™ (for a proof see, e.g., Okamoto (1973)). The latter case occurs if and only if a (multivariate)
polynomial defining the algebraic set vanishes everywhere. Together with Part 5 of Lemma[3.10] this
implies that N* (QN M,p) is either a closed Agn-null set, or coincides with R"™, depending on whether
gmM,p(.,X, R) £ 0 or gf;M’p(.,X7 R) = 0 holds, respectively. In the latter case, every test based

on the test statistic defined in Equation with O = Q& M,p trivially breaks down, because in this
case the test statistic vanishes identically on R™. Obviously, studying size and power properties
of tests based on this test statistic in a sample of size n is only interesting, if we can guarantee
that gy M’p(., X, R) # 0 holds for a sufficiently large set of design matrices. That this is indeed the
case is the content of the subsequent lemma. More precisely it is shown that g; M)p(., X,R)#0is
generically satisfied whenever n exceeds a certain threshold. It is also shown that the threshold we
give can not be substantially improved. The notion of genericity employed is further discussed in
Remark following the lemma.

Lemma 3.11. Assume that the triple k, M, p satisfies Assumption[l Then the following holds:
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1. Ifn<k(p+1)+p and ¢ = k, then

Grrp( X, R) =0 for every X € Xo.

2. If k(p+ 1) +p+ 1pm,,, (M) <n, then
Gt p( X, R) # 0 for Agnxw-almost every X € Xo;
if k =1 we have in particular g; \r (., e4, R) # 0.
8. Ifk>2 and k(p + 1) 4+ p* + 1y, (M) < n, where p* = p+ (p mod 2), then

9 arp(es (e, X),R) Z 0 for Agnx—n)-almost every X € Xg.

Remark 3.12. (1) Part 1 demonstrates that if n is too small in the sense that n < k(p + 1) + p,
then for every X € X the test statistic in Equation with Q = Q, ar,p vanishes identically if
q = k holds, because the estimator Q,{, M,p is either not well defined or singular at every observation

y. This shows that one can in general not expect that N*(€, ar,p) is generically a Ag»-null set in
case n < k(p+1) +p.

(2) Under the assumption that k(p+1)+p-+1m,,, (M) < n holds, Part 2 establishes genericity of
57,’271\44)(.7 X, R) £ 0 in that it shows that the statement holds for Agnxx- almost every X € Xy. This
notion of genericity is obviously related to situations, where the data-generating process underlying
the design matrix X is assumed to be absolutely continuous w.r.t. Agnxx. In this situation, a
bandwidth parameter M € My U Myw would typically be based on the weights vector w =
(1,...,1)" € R*. As a specific result of independent interest it is also shown that if & = 1 then
95 ap(e e+, R) # 0 holds, which means that in the location model the set N* (Qurrp) is a Agn-
null set.

(3) Under the assumption that & > 2 and k(p+1) +p* + 1y, ,, (M) < n holds, Part 3 establishes

genericity of g /,(., (e+, X), R) # 0 by showing that the statement holds for Agnxx-1) almost

every X € Xo. This is a genericity statement concerning design matrices the first column of which
is the intercept. In contrast to (2) this notion of genericity is related to situations, where the first
column of the design matrix is fixed and the data-generating process underlying the remaining
columns is absolutely continuous w.r.t. Agnx®-1. In such a setup the construction of a bandwidth
parameter M € M 45, UMy would typically be based on the weights vector w = (0,1...,1)" € R¥,

4 A negative result and its generic applicability

In the first part of this section we obtain our main negative result concerning finite sample properties
of tests based on prewhitened nonparametric covariance estimators. For this result to hold, we
have to impose a richness assumption on the covariance model €. Let €4p(;) denote the set
of all correlation matrices corresponding to stationary autoregressive processes of order one, i.e.,
Cara) = {A(p) : p € (—1,1)}, where A(p);; = p!"~3l for 1 <4, j < n. The assumption is as follows.

Assumption 2. €yr1) C ¢

Remark 4.1. Assumption |2[ implies in particular that the singular boundary of € C R™*" i.e.,
the set of singular matrices in bd €, contains at least the two elements e e/, and e_e’ , where
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er = (1,...,1) and e = (-1,1,...,(=1)")". We note that these two singular matrices can be
approximated by sequences A(p,,) € € with p,, — 1 and p,,, — —1, respectively, where p,, €
(—1,1).

Since the procedures we study in the present paper are geared towards situations such as € O &,
for some £ > 0 (cf. Remark , covariance models which clearly satisfy the above assumption,
Assumption [2] is mild in our context (cf. also the discussion in Section 3.2.2 of Preinerstorfer and
Potscher (2014a)). Under this assumption and given a hypothesis (R, r), the subsequent theorem
provides four sufficient conditions on the design matrix under which a test based on a test statistic
as in Equation with ) = Q,@ M,p, together with an arbitrary (but data-independent) critical
value 0 < C' < oo, breaks down in terms of its finite sample size and/or power properties. More
precisely, Conditions (1) and (4) imply that the test has size equal to one, Condition (3) implies
that the test has size not smaller than 1/2, and Condition (2) implies that the nuisance-minimal
rejection probability equals zero at every point pp € 9.

Theorem 4.2. Suppose that the triple k, M, p satisfies Assumptwnl 11| and that € satisfies Assump-
tzon@ Let T be the test statistic defined in (5) with Q@ = Qe ar,p. Let W(C) = {y € R™ : T(y) > C}
be the rejection region, where C is a real number satisfying 0 < C' < co. Then the following holds:

1. Suppose g yr ,(e4, X, R) # 0 and T(e4 + pg) > C holds for some (and hence all) pug € Mo,
or gy prple—, X, R) # 0 and T(e— + p) > C holds for some (and hence all) g € Mo. Then

sup PM070'2Z (W (O)) =1
See

holds for every oy € My and every 0 < 0% < oo. In particular, the size of the test is equal to
one.

2. Suppose g;M’p(e X, R) #0 and T(es+ + ui) < C holds for some (and hence all) ps € My,
or gu arple— X, R) #0 and T(e— + pg) < C holds for some (and hence all) pi € Mo. Then

Elréfe PMO,O'QZ W(C)=0

holds for every py € My and every 0 < 0% < oo, and hence

yllélﬂt;?l inf Pm 2y (W(C) =0

holds for every 0 < 0% < oco. In particular, the test is biased. Furthermore, the nuisance-
infimal rejection probability at every point i € My is zero, i.e.,

inf inf P, ,25(W (C)) =0.

0<o?2<o00 EEC
In particular, the infimal power of the test is equal to zero.
3. Suppose g;; v (€4, X, R) # 0, T(ey + pug) = C and gradT(ey + pgy) exists for some (and

hence all) g € Mo, or g; pr (e, X, R) #0, T(e— + pg) = C and grad T'(e— + ) exists for
some (and hence all) pg € My. Then

sup Puoors (W(C)) 2 1/2
Xe

holds for every g € Mo and every 0 < 0 < co. In particular, the size of the test is at least
1/2.

14



4. Suppose that QZ,M,p(wa R) # 0. Suppose further that e, € MM and RB(eJr) # 0 holds, or
e_ € M and RB(e_) # 0 holds. Then

Sup Py o5 (W (C)) = 1
Yec

holds for every po € My and every 0 < 0% < co. In particular, the size of the test is equal to
one.

Remark 4.3. (i) Lemma in Appendix shows that the rejection probabilities P, ,25 (W (C))
depend on (1,02, %) only through (((RS —r)/o), ), where 3 is uniquely determined by X3 = p.
(ii) Obviously, the conclusions of the preceding theorem also apply to any rejection region W* €
B(R™) which differs from W(C') only by a Ag-null set.

(iii) In Part 1 of the theorem the condition g 5, ,(e+, X, R) # 0 (g7 ps,(e—, X, R) # 0) is superflu-
ous, because it is already implicit in T'(e +pg) > C > 0 (T'(e—+ps) > C > 0), which is readily seen
from the definition of 7" in Equation . A similar comment applies to Part 3 of the theorem, where
the condition g\, (e4, X, R) # 0 (g% 5, (e, X, R) # 0) is already implicit in T'(e4 +p5) = C > 0
(T(e— + ) = C > 0). The conditions are included for the sake of comparability with Part 2 of
the theorem.

(iv) In case M € Mgy, the assumption concerning the existence of the gradient can be dropped
in Part 3 of the theorem. This follows from Lemma in Appendix |B] where it is shown that
if M € Mgy, then the existence of grad T'(e4 + pg) and gradT'(e— + pg) is already implied by
9r mpler, X, R) # 0 and g% (e, X, R) # 0, respectively.

(v) Throughout the theorem, Assumption [2| can be replaced by the weaker assumption that there
exist two sequences A(pﬁ,{)) and A(pg,%)) of AR(1) correlation matrices in €, such that pg) — —land
pSZ) — 1. In Parts 1 and 2 of the theorem it is even enough to assume that there exist sequences
E%) € € for i = 1,2 with 25}) — eye/, and 253) — e_e’ . Therefore, in these parts it is only
important that - and not how - these singular matrices can be approximated from within €.

We shall now provide some intuition for Theorem (cf. also the discussion preceding The-
orem 5.7 in Preinerstorfer and Potscher (2014a)). The repeated appearance of the vectors ey
and e_ in the theorem stems from the fact that both eie/, and e_e’ are elements of the sin-
gular boundary of € O €4p1) (cf. Remark . Furthermore, for every pj € 9y and every
0 < 0% < 0o we have that PN6702E — Pﬂa,gzewgr weakly as ¥ — eJre’Jr with ¥ € €, and similarly
that P s255 = Pus o2¢_er weakly as ¥ — e_e’ with ¥ € €. These limiting measures are abso-
lutely continuous w.r.t. A= ispan(e;) and Ays pspan(e_), respectively. As a consequence we see that
the mass of P« s25 € P concentrates on ‘neighborhoods’ of certain one-dimensional affine spaces
as ¥ approximates eje’, or e_e/ from within €. From that it is intuitively clear that size and
power properties crucially depend on the behavior of the tests on ‘neighborhoods’ of these spaces.
The first and second part of the theorem provide sufficient conditions under which these spaces
are almost surely (W.r.t. A« yspan(e,) a0d Aus 1 span(e_)) contained in the interior or exterior of the
rejection region, respectively. The former case then leads to size distortions, the latter to power
deficiencies. The situation in the third part of the theorem is quite different and more complex.
In this case the one-dimensional affine space supporting the respective limiting measure is neither
almost surely contained in the interior, nor almost surely contained in the exterior of the rejection
region. Rather it is almost surely contained in the boundary of the rejection region. Therefore, in
contrast to Parts 1 and 2, it is not only important that the measures concentrate on the respective
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one-dimensional space, but also how they concentrate (cf. Remark (v)). The concentration
turns out to be such that eventually the measures put roughly equal weight onto the rejection
region and onto its complement, resulting in rejection probabilities as large as 1/2 under the null.
We point out that the proof idea used to establish Part 3 is inspired by the proof of Theorem 2.20
in Preinerstorfer and Potscher (2014b). The last part of the theorem considers the case where one
of the vectors ey or e_ is an element of 9 that is also ‘involved’ in the hypothesis. It is then
shown that the size of the test is one if the global condition g:’M’p(.,X, R) # 0 is satisfied. We

recall that if this condition fails to hold, then the test T" based on €, s, breaks down in a trivial
way, because T is then zero everywhere. Therefore we see that under Assumption [2| one simply can
not test a hypothesis involving e, € 91 or e_ € 9 by means of a test 1" based on Q,{’M’p with &,
M, p satisfying Assumption [1| (this in particular covers the location model where X = e, cf. also

Lemma Part 2).

Remark 4.4. Suppose that it is known a priori that for some (fixed) € € (0, 1] the covariance model
¢ does not contain AR(1) correlation matrices A(p) with p < —1 +¢; i.e., instead of Assumption
the covariance model € satisfies

Cary(e) = {A(p) spe (-1 41} CE

Inspection of the proof of Theorem then shows that a version of Theorem holds, in which
all references to e_ are deleted in Parts 1-4. For example, Part 4 of this version of Theorem
reads as follows:

“Suppose that g7 5/ ,(., X, R) # 0. Suppose further that e € 2t and RB(@.) 2 0 holds.
Then

Sup Ppg,azz (W (C)) =1

Tee
holds for every pug € My and every 0 < o2 < oco. In particular, the size of the test is
equal to one.”

This statement covers (in particular) the important special case of testing a restriction on the mean
in a location model. We make the following observations concerning this version of Theorem [4.2

e Since e_e’ is not necessarily an element of the singular boundary of the covariance model
considered here, the result just described does not contain “size equal to one”- or “nuisance-
minimal-power equal to zero”’-statements that arise from covariance matrices approaching
e_e’ . Note, however, that the original Theorem implies by a continuity argument that if
¢ is small (compared to sample size), then considerable size distortions or power deficiencies
will nevertheless be present for covariance matrices in € that are close to e_e’_.

e Consider the case where ey € 9, i.e., the regression contains an intercept, and where the
hypothesis does not involve the intercept, i.e., RB(eJr) = 0: Then we see that Parts 1-4 of the
version of Theorem just obtained do not apply. In fact, in this case we can establish a
positive result concerning a test based on T with 0= QN, M,p, and based on a non-standard
critical value that depends on €. This positive result, together with its restrictions, is discussed
in Remark [5.3

Given a hypothesis (R,r) the four sufficient conditions provided in the preceding theorem are
conditions on the design matrix X. They depend on observable quantities only. How these condi-
tions can be checked is discussed in the subsequent paragraph: The first three parts of the theorem
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operate under the local assumption that the multivariate polynomial g M’p(.7 X, R) does not van-
ish at the point e, or e_, respectively. The multivariate polynomial g} ,, (., X, R) is explicitly
constructed in the proof of Lemma [3.10] Therefore, the condition that it does not vanish at specific
data points can readily be checked. Some additional conditions needed in Parts 1-3 of the theorem
are formulated in terms of T'(e4 + pug) and T'(e— + uf), which are in fact independent of the specific
1y € Mo chosen and therefore easy to calculate. Part 3 of the theorem requires the existence of
grad T'(eq + ) or grad T'(e— + ufy) (which is immaterial if M € Mgy as discussed in the preceding
Remark). Again the existence of the gradients is independent of the specific choice of uf € M.
Sufficient conditions for the existence of the gradient, under the assumption that x is continuously
differentiable on the complement of a finite number of points, are provided in Lemma in Ap-
pendix These conditions amount to checking whether or not M (ey ) or M(e_), respectively, is an
element of a certain set determined by k consisting of finitely many points. In contrast to Parts 1-3,
the fourth part of the theorem operates under the global assumption that the multivariate poly-
nomial g 5, (., X, R) is not the zero polynomial. Since the polynomial g ,, (., X, R) is explicitly
constructed in the proof of Lemma the global assumption g 5, (., X, ) # 0 can either be
checked analytically, or by using standard algorithms for polynomial identity testing. In addition
to this global assumption, the fourth part needs additional assumptions on the structure of 9t and
the hypothesis (R, r) which can of course be easily checked by the user.

The preceding theorem has given sufficient conditions on the design matrix, under which the test
considered breaks down in terms of its size and /or power behavior. However, for a given hypothesis
(R,r) there exist elements of Xy C R™"** to which the theorem is not applicable. As a consequence,
the question remains to ‘how many’ elements of Xy the theorem can be applied once (R,r) has
been fixed. This question is studied subsequently. It is shown that generically in the space of all
design matrices at least one of the four conditions of Theorem applies. The first part of the
proposition establishes this genericity result in the class of all design matrices of full column rank,
i.e., X9. The remaining parts establish the genericity result in case k£ > 2 and the first column of
X is the intercept, i.e., X = (e4, X) with X € Xy. Before we state the proposition, we introduce
two assumptions on the kernel k. The first assumption is satisfied by all kernels typically used in
practice.

Assumption 3. The kernel « is continuously differentiable on the complement of A(x) C R, a set
consisting of finitely many elements.

The second assumption, which is used in some statements of the second part of the genericity
result, imposes compactness of the support of the kernel. This is satisfied by many kernels used in
practice, e.g., the Bartlett kernel or the Parzen kernel, but is not satisfied by the Quadratic-Spectral
kernel.

Assumption 4. The support of k is compact.

The genericity result is now as follows, where several quantities are equipped with the additional
subindex X to stress their dependence on the design matrix.

Proposition 4.5. Fiz a hypothesis (R,r) such that rank(R) = q. Let k, M, p satisfy Assumption
, For X € Xy let Tx be the test statistic defined in with Q = Q,{,M%X and let pg x € Mo, x =

u€span(X) : p= XpB,RB =r} be arbitrary (the sets defined below do not depend on the choice
of MS,X)' Fix a critical value C such that 0 < C < co. Then, the following holds.
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1. Suppose that k(p + 1) + p + 1y, (M) < n, define
X1 (eq) = {X € X0 : g% ar (e, X, R) =0}
2o (e4) = {X € Xo\X1 (1) + 3 (grad Tx (e, 145, and Tx(es + p5.x) = C |

and similarly define X1 (e—) and X2 (e—). Then, X1 (e4+) and %1 (e_) are Agnxx-null sets. If
M € Mgy or if k satisfies Assumption[3, then X2 (e4) and Xa (e~) are Agnxx-null sets. If
Assumption[q holds, then the set of all design matrices X € Xo for which the first three parts
of Theorem[{.4 do not apply is a subset of (X1 (e4) U X2 (e4))N (X1 (e—) UX2 (e—)) and hence
is a Agnxk-null set if M € My or if k satisfies Assumption[3; it thus is a ‘negligible’ subset
of Xo in view of the fact that X¢ differs from R™ ¥ only by a Agnxx-null set.

2. Let k > 2 and assume further that k(p+ 1) + p* + 1m,,, (M) < n, where p* = p + (p mod 2).
Define

Xi(el) = {X € Xo: s ple (ex, X), R) = o} :
%o (o) = {X €Xo\Xi(en): P (gradT(e+,)?)('))|f*+“3,(e+,)z) } _

and T(e%X)(e, + Mo,(e+,)~()) =C
Then, X1 (e—) is a Agnxk—1)-null set. Furthermore, X (e—) is a Agnxn—1)-null set under each
of the following conditions:

(a) M € Mgy .

(b) M € Man and & satisfies Assumptions[5 and[{)

(¢) M € Mnw, p is odd, w; > 0 for some i > 1 and k satisfies Assumptions@ and .
(d) k satisfies Assumptionﬁ and X — T, xy(e- + “3,(e+,f()) £ C on Xo\X (e_).

Suppose that the first column of R consists of zeros and that Assumption [q holds. Then, the
set of all matrices X € Xy such that the first three parts of Theorem do not apply to the
design matriz X = (e, X) is a subset of X1 (e_) U Xy (e_) and hence is a Agnx (-1 -null set
if one of the conditions in (a)-(d) holds; it thus is a ‘negligible’ subset of X, in view of the

fact that %o differs from R =1 only by a Agnx -1 -null set.

8. Suppose k > 2, that the first column of R is nonzero and that Assumption [d holds. Then
Theorem (Part 4) applies to the design matriz X = (e+,X) for every X € Xy satisfying

s p(+ X R) £ 0.

Remark 4.6. (i) If n < k(p+ 1) + p and ¢ = k holds, the first part of Lemma shows that the
test trivially breaks down, since for every element X of X the test statistic T’y is then constant on
R™. Therefore, the assumption on n in the first two parts of the proposition can in general not be
substantially improved.

(ii) In the second part of the proposition, the analogously defined sets X; (e;) and Xj (ey)
clearly satisfy X1 (e4) = %o and X (ey) = 0.

(iif) In the third part of the proposition, if X = (e4, X) does not satisfy 9rnp(- X, R) #0,
then the test breaks down in a trivial way, since Tx is then constant.
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The first part of the preceding genericity result shows that if M € My, or if the kernel satisfies
Assumption 3| then Theorem can be applied to generic elements of Xg, i.e., to all elements
besides a Agnxx-null set. Since all kernels used in practice, in particular the kernels emphasized in
Andrews and Monahan (1992) and Newey and West (1994), i.e., the Quadratic-Spectral kernel and
the Bartlett kernel, respectively, satisfy Assumption [3] this additional restriction on s is practically
immaterial. The second part of the proposition considers the situation where the first column of
the design matrix is the intercept, which in addition is assumed not to be involved in the hypothesis
in the sense that the first column of R is zero. In this situation it is shown that Theorem E2 can
generically be applied to design matrices of the form (e,, X) with X € X, under certain sets of
conditions on the triple x, M, p. We first discuss Conditions (a)-(c):

(a) In case M € Mgy no additional condition is needed for establishing generic applicability of
Theorem [£.2

(b) If M € M s, generic applicability of the negative result follows if the kernel satisfies Assump-
tions[3|and [d] which applies to many kernels used in practice, but not to the Quadratic-Spectral
kernel which is emphasized in Andrews and Monahan (1992).

(c) In case M € Myw, the result shows that the procedure breaks down generically if p is odd,
w; > 0 for some ¢ > 1 and k satisfies Assumptions [3] and [ This seems to be restrictive.
However, the recommended procedure in Newey and West (1994) is obtained by choosing
the Bartlett kernel, p = 1 and w = (0,1,...,1)’, because in Part 2 the first column of X is
the intercept. Therefore, we see that the recommended procedure in Newey and West (1994)
satisfies this condition.

Summarizing, we see that the Conditions (a)-(c) in the proposition cover the recommended choices
of k, M and p in Newey and West (1994) and Rho and Shao (2013). For all procedures that are
not covered by Conditions (a)-(c), e.g., the procedure in Andrews and Monahan (1992) based on
the Quadratic-Spectral kernel, one can typically obtain the genericity result by applying Condition
(d), which (under Assumption is always satisfied apart from at most one exceptional critical
value C*. This is seen as follows: Clearly, Condition (d) depends on the critical value C. We
see that if Assumption [3]is satisfied, then (d) can be violated for at most a single 0 < C* < .
If this C* happens to coincide with C, the condition is not satisfied and we can not draw the
desired conclusion for this specific value of C'. Moreover, we immediately see that the condition
must then be satisfied for any other choice C’, say. Therefore, generic applicability of the negative
result follows for any value C’ # C in that case. This shows that even if one chooses a triple k,
M, p that does not allow for an application of (a)-(c), one can not expect to obtain a procedure
that has good finite sample size and power properties, because for all but at most one exceptional
critical value the corresponding test is guaranteed to break down generically. The third part of
the proposition considers the case where the first column of the design matrix is the intercept, and
where the coefficient corresponding to the intercept is restricted by the hypothesis. In this case it
follows that one can either apply Part 4 of Theorem or the test statistic is constant and hence
the test breaks down in a trivial way (cf. Remark [£.6)).
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5 A positive result, an adjustment procedure and its generic
applicability

In the prev1oub section we have established a (generically applicable) negative result concerning
tests as in (5)) based on a prewhitened covariance estimator QH M,p- In the present section we first
present a posmve result concerning these tests under a non-generic condition on the design matrix.
Then we introduce an adjustment procedure and establish a condition on the design matrix under
which the adjustment procedure leads to improved tests. Finally we prove that this condition holds
generically in the set of all design matrices. Both, the positive result concerning tests as in
based on a prewhitened covariance estimator fl,ﬁ, M,p, and the results concerning the adjustment
procedure are established under the following assumption on the covariance model €.

Assumption 5. The set € C R™*" ig norm-bounded and satisfies €4r(1) € €. Furthermore,
for every sequence ¥, € € that converges to ¥ € bd(€) satisfying rank(3) < n there exists a
corresponding sequence p,, € (—1,1) such that A(p,,) =22 A(pm) /% = I, as m — oo.

Remark 5.1. (i) We first note that Assumptionlis stronger than Assumptionl Therefore under
the former assumption the negative result established in Section [4] I concerning tests as in ([5|) based
on a prewhitened covariance estimator Qﬁ M,p does apply a fortiori. As a consequence, if € satlsﬁes
Assumption [5) ' then positive results concerning size and power properties of tests of the form
can only be established under non-generic assumptions on the design matrix. However, as we shall
show, positive results can generically be established for an adjusted version of such tests.

(ii) Boundedness of € is typically satisfied in our setup, as it is always satisfied if € consists only
of correlation matrices.

(iii) The last part of the assumption states that elements of € that are ‘close’ to being singular
can be well approximated by AR(1) correlation matrices. This, together with €4g(;) being a subset
of €, readily implies that the singular boundary of € must coincide with {e+e;, e_e. } Therefore,
we see that the assumption rules out the existence of rank deficient elements of bd(€) with rank
strictly greater than one. As an example, this rules out the case where € is the correlation model
corresponding to all stationary autoregressive processes of order less than or equal to two (cf.
Lemma G.2 in Preinerstorfer and Potscher (2014a)). If this is not ruled out, however, further
obstructions to good size and power properties can arise along suitable sequences approximating
these boundary points (cf. Section 3.2.3 in Preinerstorfer and Potscher (2014a)). The possibility of
establishing positive results in settings like that is beyond the scope of the present paper and will
be discussed elsewhere.

(iv) We note that Assumption [5| is clearly satisfied for every covariance model of the form € =
Car) U ¢% where ¢ C R™*" is a closed set consisting of positive definite correlation matrices. As
an example, let d € N be fixed and let €y; 4(q) denote the set of all correlation matrices corresponding
to stationary moving average processes of an order not exceeding d, i.e.,

Crvra@y = {E(fas) ta=(La1,...,aq) € R 65> 0},

where X( f,, 5) denotes the nxn-dimensional correlation matrix corresponding to the spectral density
fas(X) = |ZJ o exp(—Aj)* (cf. Equation ) Then € = €4pa) U cl(€rraq)) satisfies
Assurnptlon @ because every element of the closure of €yr4(4) is a positive definite correlation
matrix (the latter statement follows from Equation (2 , compactness of the unit sphere in R%*1,
and the Dominated Convergence Theorem).
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Under Assumption [f] We shall subsequently establish a positive result concerning tests based
on a test statistic 7' as in (B) with = Q, a7,. In light of Part (i) of the preceding remark we
already know that such a posmve result can only be established under non-generic conditions on the
design matrix. In particular, the subsequent positive result considers the non-generic case where
- besides gg y/ (-wX,R) # 0, a condition that is generically satisfied under a mild constraint on n
(cf. Lemma|3.11)) - the column span of the design matrix includes the vectors e and e_ and where
RB(es+) = RB(e—) = 0 holds.

Proposition 5.2. Suppose that the triple k, M, p satisfies Assumptzon l, and that € satisfies
Assumption @ Let T be the test statistic defined in Equation () with O =0, Mp. Let W(C) =
{y e R" : T(y) > C} be the rejection region, where C is a real number satisfying 0 < C' < oo.
Suppose further that e;,e_ € M, RB(6+) = RB(e_) = 0 and g} (X, R) # 0. Then, the
following holds:

1. The size of the rejection region W(C) is strictly less than 1, i.e

*)

sup  sup sup P, .25 (W(C)) < 1.
o €M 0<o2 <00 BEL

Furthermore,
inf inf inf P, .5 (W(C)) > 0.

HoEMp 0<o2< 00 LEC

2. The infimal power is bounded away from zero, i.e.,

f f fP w(C 0.
#1129311 0<i—n<ooEHé€ s (W(C)) >

3. For every 0 < ¢ < oo
inf P, o2, (W(C)) = 1

1 €My ,0<0? <00
d(p1,Mo)/o>c

holds for m — oo and for any sequence ¥, € € satisfying ¥,, — £ with ¥ a singular matriz.
Furthermore, for every sequence 0 < ¢, < 00

inf inf P,
H1EMy, Teegx ’
d(p1,9M0)>cm

o2, E(W(C>) —1

holds for m — oo whenever 0 < 02, < 00, ¢ /0m — 00, and €* is a closed subset of €. [The

very last statement even holds if one of the conditions e4,e_ € 9 and RB(6+) = RB(G_) =0
is violated.]

4. For every §, 0 < 0 < 1, there exists a C(4), 0 < C(d) < o0, such that

sup  sup sup P, .2
Ho€Mp 0< o2 <00 BeC

s(W(C(9))) <é.

Under the maintained assumptions on the hypothesis and the design Proposition shows
that given any level of significance 0 < d < 1, a critical value can be chosen in such a way
that the test obtained holds its size, while its nuisance-minimal power at every point p; in the
alternative is bounded away from zero. As Theorem [£.2]in combination with Proposition [£.5]shows,
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this is impossible for generic elements of the space of all design matrices. Additionally, Part 3
of the proposition shows that the power approaches one in certain parts of the parameter space
corresponding to the alternative hypothesis. These parts are characterized by [[(RSY) —r)/a||
being bounded away from zero and ¥ — ¥ with ¥ being singular, or ||(RS!Y) —r)/o| — oo and
Y — X with ¥ positive definite, and where in both cases () is the parameter vector corresponding
to u1 (note that d(uy,9M) is bounded from above and below by multiples of ||[R3™) — r||, where
the constants involved are positive and depend only on X, R and ).

Remark 5.3. Suppose that instead of Assumption [fit is known that the covariance model sat-
isfies the following variant of Assumption [5| that rules out AR(1) correlation matrices A(p) with p
arbitrarily close to —1:

The covariance model € C R™*" is norm-bounded and there exists an € € (0, 1] such
that € r(1)(e) € € (cf. Remark . Furthermore, for every sequence ¥, € € that
converges to X € bd(€) satisfying rank(X) < n there exists a corresponding sequence
pm € (=1 +¢,1) such that A(py,) 22, A(pm) "2 = I, as m — .

Let T and W(C) be defined as in Proposition above, and suppose further that e, € 9, ie.,
the regression contains an intercept, that RB(eJr) = 0, i.e., the hypothesis does not involve the
intercept, and that gy M’p( ., X, R) # 0. Then one can show (using essentially the same argument as
in the proof of Proposition that the Conclusions 1-4 of Proposition [5.2 hold in this setup. In
particular, for any given ¢ € (0, 1) there exists a critical value C(d) = C(d, €) such that the test with
rejection region W (C(d,)) has size not greater than d. This establishes a positive result concerning
a test based on the test statistic T with € = QN, M,p, and based on the non-standard critical value
C(6,¢), which in practice can be obtained as explained in the discussion following Theorem [5.4
However, the test obtained critically depends on €, which in practice will typically be difficult to
choose. If one uses a test with critical region W(C(4,£*)) where e* > ¢, then the size of this test
might exceed §. In light of this drawback, it is important to stress that autocorrelation-robust-
testing is possible without imposing such an artificial condition that rules out AR(1) correlation
matrices A(p) with p arbitrarily close to —1: Theorems and in the present section show that
(at the small cost of including the artificial regressor e_) a generic positive result can be obtained
under the more natural Assumption[5} Theorem [5.4] furthermore shows that including the artificial
regressor e_ leads to good power properties of the resulting test for covariance matrices close to

A(-1).

Proposition assumes, among others, that X satisfies ey, e_ € span(X), an assumption which
is satisfied only by non-generic elements of the set of all design matrices. In the following we shall
now consider the (generic) situation where e;,e_ € span(X) is violated. Proposition is then
clearly not applicable. However, as we shall see, a positive result similar to Proposition [5.2| can
be established for an adjusted test statistic. To explain how the adjustment procedure works,
suppose that we have a triple x, M, p satisfying Assumption [I| which we want to use for covariance
estimation. Suppose further that 1 < p < 75 holds, which is typically satisfied. The following
theorem now shows that under certain conditions on the design matrix - which are shown to be
generically satisfied in Propositionbelow, and which in particular require ey, e_ € span(X) to be
violated - one can work with an adjusted test statistic that has improved size and power properties,
and which is constructed as follows: instead of basing the construction of the test statistic on the
true design matrix X and on R, we first construct an artificial design matrix X of full column rank

satisfying span(X) = span(X, ey, e_) by adding the vectors e; and/or e_ to X. Furthermore, we
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construct a corresponding matrix R, where zero columns are added to R such that R and X have
the same number of columns. Then we construct a test statistic T as in Equation , but with
X and R replaced by X and R, respectively, and where the covariance estimator is based on k,
M and p as above besides some minor updates in the construction of M described below. The
subsequent theorem shows that if e;,e_ € span(X) is violated, if every e € {et,e_} N span(X)
satisfies Rf(e) = 0, if rank(X) < n, and if an assumption on X and R analogous to the assumption
9 v p( X, R) # 0 in Proposition is satisfied, then for every critical value 0 < C < oo the
test with critical region W(C) = {y € R™ : T(y) > C} has the same Properties (1)-(4) as W(C) in
Proposition

Theorem 5.4. Suppose that the triple k, M, p satisfies Assumption[d] that p additionally satisfies
1 <p < 435, and that € satisfies Assumptzon @ Suppose that one of the following (mutually
exclusive) scenarios applies:

1. ey € M with RBx(es) =0, e ¢ Mandk = k+1 < n. Let X = (X,e_) and define
R = (R,0) € R7*k,

2. e ¢ M e € M with RfBx(e_) = 0 and k
R = (R,0) € R1*k,

k+1<mn. Let X = (X,ey) and define

3. ey ¢ M, e ¢ M with rank (X,eq,e_) =k +2 andk=k+2<n. Let X = (X,ey,e_) and
define R = (R,0,0) € RI¥F,

4. ex ¢ M, e_ ¢ M with rank (X,eq,e ) =k+1andk =k+1<n. Let X = (X,ey) and
define R = (R,0) € R7¥k,

Then in all cases X is a matriz of full column rank. Define
(RBx(y) =Yy, x (RBx(v) =) if y ¢ N*(Qu sz p.x):
0 else,

where QN,M%X (y) is the estimator one would obtain following Steps 1-8 in Section@ if X was the
underlying design matriz, (R r) was the hypothesis to be tested and where M is defined as follows

in case M € MKV we set M = M ; in case M € My we compute M as outlined in Sectzon
(using as input Zg(y) as opposed to Zx(y), and replacing k by k), with the same constants ¢,
and ¢z and j as used in the construction of M, but with w replaced by w = = (w,0)" € R*; in case
M € Myw we compute M as outlined in Sectwn (using as input Z (y) as opposed to Zx (y)),
with the same constants ¢; for i = 1,2,3 and the same wezghts w as used in the construction of
M, but with w replaced by & = (w O) € RF. Let W(C) = {y eR": T(y) > C} be the rejection
region where C' is a real number satzsfymg 0<C <oo. Ifg B, p( X,R) $é 0 (where g* N is the
function obtained from Lemma applied to kK, M and p and acting as if X was the underlying
design matriz and (R,r) was the hypothesis to be tested), or equivalently if N*(Q,, Mpx) #* R,

then in each of the four scenarios above the Conclusions (1)-(4) of Proposition [5.4 hold with W(C’)
replaced by W (C).

The procedure outlined in the preceding theorem is based on an artificial design matrix X which
is obtained from X by adding either one or both elements of the set {e;,e_} to the columns of
X. If the so-obtained matrix X satisfies g: Mp( X,R) # 0, then the results from Proposition
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carry over to the rejection regions derived from T. In particular the adjusted test statistic T
leads to rejection regions the size of which is bounded away from one and such that the nuisance
minimal power is bounded away from zero. Besides these improvements, the adjustment procedure
is extremely convenient from a computational perspective, as the adjusted test statistic T does not
require any additional implementations. It is based on the same algorithm as the calculation of T,
only with a different design matrix.

The theorem shows that for every level of significance 0 < § < 1, there exists a critical value
C(68) such that the rejection region W (C(d)) has size smaller than . The critical value can be
determined as follows: First of all, due to certain invariance properties of T (cf. the proof of
Theorem , the probabilities P, ,25(W(C)) do not depend on i and . Hence, for any fixed
0 < C' < o0, the maximal rejection probability under the null can be approximated numerically by
simulating the rejection probabilities from a finite subset of €, and then doing a grid search. In a
second step C(d) can be approximated by a line search exploiting monotonicity of PMO,U2E(V_V(C))
in the critical value.

The adjustment procedure described in Theorem is applicable and yields an improved test
under the assumption that e, e_ € span(X) is violated (and hence the positive result in Proposition
concerning the unadjusted test does not apply), that every e € {ey,e_} N span(X) satisfies
Ré(e) =0, that k < n and that QZ,M,p(" X, R) # 0. Given a hypothesis (R,7) these are conditions
on the design matrix X. Our final result now shows (under mild constraints on n) that these
conditions are generically satisfied in the set of all design matrices Xy; and also in 1%0, the set of
all design matrices the first column of which is the intercept, under the additional condition that
the first column of R is zero. Under Assumption [5| we hence see that although rejection regions
based on T' generically break down as a consequence of Proposition [£.5] this problem can generically
be resolved by using rejection regions based on the adjusted test statistic 7', unless the regression
includes an intercept and the first column of R is nonzero.

Proposition 5.5. Fiz a hypothesis (R,r) with rank(R) = q, suppose that the triple k, M, p satisfies
Assumption that p additionally satisfies 1 < p < 5 and that € satisfies Assumption @ Then
the following holds, where p* = p + (p mod 2).

1 If(E+3)(p*+2)+p—141m,,, (M) <n, then for Agnxr-almost every design matric X €
X9 C R™** Scenario 3 in Theorem applies, and the Conclusions (1)-(4) of Proposz'tz'on
hold for any critical value 0 < C' < oo with W (C) replaced by W(C) = {y e R" : T(y) > C'},
where T is constructed as outlined in Theorem .

2. Suppose that the first column of R is zero, that k > 2 and assume that (k4 2)(p* +2) +p —
14 1y, (M) < n holds. Then for Agnx-1)-almost every X € %o Scenario 1 of Theorem
applies to X = (e+,X), and the Conclusions (1)-(4) of Proposition hold for any
critical value 0 < C < oo with W(C) replaced by W(C) = {y € R" : T(y) > C}, where T is
constructed as outlined in Theorem[5.7)

6 Conclusion
We have shown that tests for based on prewhitened covariance estimators and possibly data-

dependent bandwidth parameters break down in finite samples in terms of their size or power
properties. This breakdown arises already for comparably simple covariance models such as € =
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€4Rr(1)- We have also shown how a simple adjustment procedure can generically solve this problem
in many cases. The test statistic obtained by applying the adjustment procedure is of the same
structural form as the test statistic based on estimators suggested by Andrews and Monahan (1992)
and Newey and West (1994) and the test statistic in Rho and Shao (2013), but it is based on an
artificial design matrix. Therefore, the adjustment procedure does not only lead to improved size
and power properties, but is also convenient from a computational point of view. For the adjustment
procedure to work, Assumption [5| has to be satisfied, which requires that elements of the covariance
model € that are close to being singular are well approximated by AR(1) correlation matrices. If
and how the adjustment procedure can be extended to settings where this approximation condition
is not satisfied is currently under investigation.
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APPENDICES

Additional notation: For the sake of clarity we shall repeatedly stress the dependence of V
Vi, Vp, Z, AP 4 Q. .M,p and By, on the design matrix X by writing Vi, Vi X5 Vpx, Zx, Ag(), ix,
QK M,p,x and Bp x in the following proofs. At various places we shall use the following notation:
Given a matrix M € R™*™2 and indices 1 < i < my and 1 < j < mgo we denote by [M];; = M;;
the ij-th coordinate of M, by [M].; = M.; the j — th column of M and by [M];. = M. the i —th
row of M. In case ma = 1 we write [M]; = M, instead of [M];;.

A Proofs of Results in Section 3.3l

Proof of Lemma[3.9. Since X is a matrix of full column rank by assumption, we clearly have
det(X'X) # 0. From the definition of Qy arp x we see that y € N(Qu arp.x), 1€ Qe nrpx (V)
is not well defined, if and only if one of the following conditions is satisfied (cf. Remark :

(1) det (Vix )V x(»)) =0
(1) det (Va,x (1)V x () # 0 and det (I = X5, A% (y)) = 0;
(III) det (le(y)ffl’x(y)) # 0 and det (Ik -3, Al(p))((y)) # 0 and M (y) is not well defined.

Using dx(y) = (I — det(X’X)"1X"adj(X'X)X")y we see that the coordinates of Vi x(y) :=
det(X'X)Vi x(y) and of V, x(y) := det(X'X)V, x(y) are values of certain multivariate polyno-
mials defined on R™ x R"** evaluated at the point (y, X). Since (I) is equivalent to

det(det(X'X)?V1 x (n)V/ x () = det(Vi,x (¥)V{ x (y)) = 0,

this shows that (I) is equivalent to g1 (y, X) = 0, say, where g; : R x R"** — R is a multivariate
polynomial which is clearly independent of (R, r). Using this equivalence, Condition (II) is seen to

be equivalent to g1 (y, X) # 0 and det (Ik -3, A;p)l(y)) = 0. Because of g1(y, X) # 0 we have

Iy - Z APLw) = I~ Vo x V) (Bx ()VEx ) D).

= I — Vo x )V x () (Vix @)V x () D),

= I —det (Vi x(0)V] x (1) Vox )V x () adj (Vi,x () VY x (%)) D(p),

where D(p) = (I, ..., I},) € R*>*k_ Using this together with similar arguments as above we see
that pre-multiplying I, — >0, Al(p))( (y) by det (Vi x (y)‘_/l'X(y)) results in a matrix, the entries of
which are values of certain multivariate polynomials, defined on R™ x R"** evaluated at the point
(y, X). Tt follows that the second equation in (II) can be replaced by

92(y, X) = [det (Vi x (1) V] x(1))]" det (Ik -3 AE@(@/)) =0,
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where g; : R™ x R"** — R is a multivariate polynomial which is independent of (R,r) either.
Summarizing our observations concerning (I) and (II) we see that

N(Quarpx) ={y €R": g1(y, X)g2(y, X) = 0}
U{y e R": g1(y, X)g2(y, X) # 0 and M (y) not w.d.}.

The set in the second line of the previous display depends on the specific bandwidth M. Hence, we
have to distinguish three cases: Suppose first that M = Mgy € Mgy, i.e., M is a constant which is
functionally independent of y, X and thus everywhere well defined on R™. Define gi prycy p = 9192,
so that ge arey p : R™ X R™** — R is a multivariate polynomial. Noting that

N(QH,MKV,ZLX) = {y eR": gn,MKvﬁD(va) = O}

then proves the statement in case M € Mgy, because g ayy p 15 independent of (R,r). Next we
consider the case M = M, € Mans, where we write Maps,, instead of Maps jw e, because the
argument and the resulting function g, ar,,, . ,» do not depend on j and c. We partition

{y € R" : g1(y, X)g2(y, X) # 0 and M. (y) not w.d.} = Dy U Da, (8)
where D; and D, are disjoint and defined as
Dy ={y e R": g1(y, X)g2(y, X) # 0,3i* : p;=(y) not w.d. or p=(y)> =1},
Dy = {y e R"\Ds : g1(y, X)ga(y, X) # 0, Vi s.t. w; #0:67(y) =0}

The equality in is readily seen from the definition of M 45s,.,. We want to obtain more suitable
characterizations of D; and Ds and proceed in two steps: (i) First, we claim that y € D; if and
only if

k n—p 2 n—p—1 2
91(y, X)g2(y, X) # 0 and H Z[ZX(y)]ij[ZX(y)]i(j—l) - Z Zx ()] =0. (9)

To see this assume that g1(y, X)g2(y, X) # 0 holds: Suppose that p;«(y) is not well defined. The

latter occurs if and only if anpfl[ZAX(y)]?*j =0, i.e., all summands are zero, which immediately

j=1
implies 727 [Zx ()]s Zx (¥)]i=(j—1) = 0. Therefore, the factor corresponding to index 7* vanishes
and thus the product defining the second equation in (9) vanishes. That p2 (y) = 1 implies that
the product vanishes is obvious. To prove the other direction assume that g;(y, X)g2(y, X) # 0
and that the product vanishes. This implies that at least one factor with index ¢*, say, equals zero,
which implies that either p;«(y) is not well defined or pZ (y) = 1 holds. This proves the claim.
Secondly, we recall that if g1 (y, X)ga(y, X) # 0, then Zx(y) =V, x (y) — Agf)(y)VLX(y). Using an

argument as above it is then easy to see that Z x (y) pre-multiplied by
det (V1,x ()7 x (y)) det(X'X) (10)

gives a matrix, the entries of which are values of certain multivariate polynomials defined on R" x
R"™** evaluated at the point (y, X). Thus, if we multiply the second equation in (9) by the (4k)-th
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power of the expression in the previous display we see that Equation @[) can equivalently be written
as
91(y, X)g2(y, X) # 0 and ganr1(y, X) =0,

where gapr1 : R® x R™* — R is a multivariate polynomial that is independent of (R, 7). Summa-
rizing, we have shown that

Dy ={y eR": g1(y, X)g2(y, X) # 0,940, (y, X) =0} .

(ii) First we observe that y € Ds if and only if

k n—p 9
91(y, X)g2(y, X)gan,1(y, X) # 0 and Zwi Z ([Zx(y)]z] - ﬁi(y)[ZX(y)]i(j—l)) =0, (11)
=1 j=2

where we recall that by assumption w is functionally independent of y and X. Because ganr1(y, X) #
0 implies that p;(y) is well defined for i = 1, ..., k, which is equivalent to "7 '[Zx ()]3; # 0 for

J=1
1 =1,...,k, the second equation in the previous display can be replaced by
2
n—p n—p—1 ) ) n—p ) ) )
> wi S x| ZxWiy — | D 12x )i Zx Wigi-1) | Zx@)ig-1 | =0
i=1  j=2 j=1 =2

We now multiply the function defining this equation by the 6-th power of the expression in Equation
and denote the resulting function by ganrw,2(y, X). The statement in Equation is then
seen to be equivalent to

91(y, X)g2(y, X)ganra(y, X) # 0 and gansw,2(y, X) =0,

where gan,w,2 : R™ x R™** — R is a multivariate polynomial. We also see that g M w,2 is indepen-
dent of (R, 7). We conclude that

Dy ={y eR": g1(y, X)g2(y, X)gans,1(y, X) # 0, gans,0,2(y, X) =0} .

Now let gi, Man.o.p = 919294M,194M w,2- By what has been shown above g, a1, 1 R™ ¥ Rxk
R is a multivariate polynomial. Furthermore, g rr,,, .. does not depend on (R,r). We observe
that

N(OK/7MAI\4,W7P7X) = {y eR": g&MAM,w,p(va) = O} .

This proves the lemma in case M € Muys. Finally, we consider M = Myw,u,w € Myw, where
we write Myw,,w instead of Myw, w,.e because the argument and the resulting polynomial
are independent of ¢. We use a similar argument as in the previous case. We observe that if
91(y, X)g2(y, X) # 0, then the function Myw . is not well defined if and only if

n—p—1

S wialy) =0, (12)

i=—(n—p—1)

where

J=lil+1

28



Since w and w are both functionally independent of X and y, we can pre-multiply Equation
by the square of the expression in Equation to see that the statement g;(y, X)g2(y, X) # 0
and Mpyw,. w not being well defined is equivalent to

91y, X)g2(y, X) # 0 and gnw,w,w(y, X) =0,

where gnw,w,w : R™ X R™** — R is a multivariate polynomial. The function INW,w,w is independent
of (R,r). Using these properties, defining gx myw.. .p = 91929NW,w,w, & function which does not
depend on (R, ), and noting that

N(QKHMNW,W,W7P7X) = {y eR" 95, MNW,w,w,P yv - 0}
then proves the claim in case M € My . O

Proof of Lemma[3.10, To establish Parts 1-4 of the lemma we apply a similar argument as in the
proof of Lemma 3.1 in Preinerstorfer and Pétscher (2014a). We observe that if y ¢ N (2 ar.p,x),

or equivalently g. ar,(y, X) # 0, we can write Q. ar.p x (y) as

po,x (¥)Wa—p(y) By x (), (13)

A n
QmM,p,X (y) = n —

where W,,_,,(y) € R®"=P)X("=P) is the symmetric Toeplitz matrix with ones on the main diagonal,
and where for ¢ # j its ij-th coordinate is given by x((i — j)/M (y)) whenever M(y) # 0, and by 0
else. Recall that M (y) > 0. If M (y) =0 we have W, _,(y) = I,,. If M(y) > 0 the matrix W, _(y)
is positive definite by Assumption Therefore, in both cases the matrix W,,_,(y) is positive
definite. This immediately establishes Parts 1-4, where rank(R) = ¢ is used in proving Part 4 (we
emphasize that Qm M.,p x (y) can be nonnegative definite, singular, zero or positive definite only if
it is well defined, i.e., only if gi ar,p(y, X) # 0 holds). It remains to prove Part 5. We recall that

N* (@t %) = N (et ) U {y € RN (@i x) < det [Qnrpx ()] =0} (14)

From Part 2 of the present lemma we know that we can rewrite the second set to the right as
{y € R™\N(Qp s px) : det [Bp.x(y)B,, x(y)] = 0} . (15)

For every y € R*\N (% arp.x) we have with D(p) = (I, ..., I)’ € REP)*F that (using the same
notation as in the proof of Lemma B, x (y) can be written as

R(X'X)™ (I = Vox (0)V] x(0) [Tx (V] x ()] ™ D(w))

% (Vox ) = Vox @V x () x 0V x )] ™ Vix @)

=R(X'X) ™ det(X'X) ™" (det([Va,x () V/ x (1)) Tk — Vox (0) V] x () adi [Va x () V] x ()] D))~
x (det [Vix (0)VY x ()] Voux () = Vox WVH x (y) adj [Vix () V] x ()] Vi.x ()

)
= det(X'X) "2 det (det([V1, x (y) V] )~
x Radj(X'X) adj (det([V4,

x (det [Vix )V x ()] V3,

)adj [Vi,x (»)V{ x (¥)] D(p)

WDk = Vo x(W)V] x(y
VI x DIk = Vo x (W)V] x(y) adj [Vi x ()V] x ()] D(p))
y) — Vox WVI x(v) adj [Vi,x ()V{ x ()] V1,x (y))
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We therefore see that the coordinates of the matrix Bp, x(y), say, which is obtained by pre-
multiplying B,, x (y) by the factor

Fo(y, X) = det(X'X)* det (det([Va,x (1) V] x )] Ik — Vo.x W)V] x(y) adj [Vi.x ()V{ x ()] D(p))

(for later reference we note that F, : R x R"*F — R is a multivariate polynomial), are values
of certain multivariate polynomials defined on R™ X R"** evaluated at (y, X). Furthermore, we
can replace B, x(y) in Equation by B, x(y) without changing the set. This follows because

Y gé N(QK,M)p) implies
— — p A~
Fy(y, X) = det(X'X)? det(Vh x (y) V] x ()" det (Ik -3 AR, <y>> £0.
=1

If we combine this equivalent expression for with and Lemma we obtain
N*(Quenrpx) = {y € R™ 2 gearp(y, X) det [Byx (y) By x ()] = 0} .

We next define g7 5, (y, X, R) = ge.arp(y, X) det[B, x(y) B, x(y)]. By Lemma we see that

Gt R X Rk x Rk — R is a multivariate polynomial that does not depend on 7. O

The subsequent technical lemma plays a key role in several constructions in the proofs of the
genericity results.

Lemma A.1. Let 1 <k <mn, n>2 and let (R,r) be a hypothesis. Suppose that the triple k, M, p
satisfies Assumption . Assume that the tuple (y, X) € R™ x Xy satisfies for some t > k:

(A1) Vx(y) has exactly t + 1 nonzero columns with indices 1 = j; < jo < ... < jip1 < n.
(A2) jivi—jdi=p+1fori=1,...,t, andn — jiy1 > p—1.
(A3) Ift =k, then rank(Vx (y)) = k. Otherwise,

Span({[VX(y)].ji Li= 1,...,t}) - span({[VX(y)]ji =2t 1}) = R*.

Then, the following holds:
1. AP (y) =o0.
2. Under each of the following three conditions it follows that gy, yr ,(y, X, R) # 0 (or equivalently
y & N*(Qevp.x)):
(CKV) M € Mgy,

(CAM) M € My, and every row vector of the matriz obtained from Zx (y) by deleting its last
column is monzero [this is in particular satisfied if n — jio1 > p — 1];

(CNW) M € Mnw, and either each coordinate of w’ZX(y) s mon-negative, or each coordinate
of W' Zx(y) is non-positive.

3. For every Q € R*** such that rank(Q) = k, the tuple (y, XQ) is an element of R™ x X that
satisfies (A1), (A2) and (A3).
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4. Ifk > 2 and either [Vx (y)|1j, > 0 fori=2,...,t+1 or [Vx(y)]1j, <0 fori=2,...,t+1 holds,
then there exists a reqular matriz Q € R¥*F such that the first columns of X and X @, respec-
tively, coincide and such that gy, 5, ,(y, XQ, R) # 0 (or equivalently y ¢ N* (S0 mp,xQ))-

Proof. Denote the column vectors of Vx(y) by v; for i = 1,...,n. If t > k, then by (A3) the set
{vjr,...,v;,} and {vj,,...,v;,,, }, respectively, spans R¥. Using (A3), we now show that this is
automatically satisfied in case ¢t = k. To prove this claim, we first recall that v; = [ax (y)]; X}.. We
see that 4x (y)L span(X) implies

n n k+1
0="> laxW)]; X} =Y v;=> v,
j=1 j=1 i=1

where the third equality follows from (A1) (¢ = k). This shows that

k+1

Vjr = - E :vji
=2
k
Ujerr = _E :Uji'
i=1

By (A3) rank(Vx(y)) = k , which together with (A1) implies that span({v;, 17 =1,...,k 4+ 1}) =
RF. Therefore, it follows from the two equations in the previous display that {vj, mi=1,...,k}
and {v;, :i=2,...,k+ 1}, respectively, spans R¥. Hence the claim follows. We next show that

A()f) (y) is well defined. For this we have to verify that rank(V; x(y)) = kp (cf. Remark . The
j-th column (j =1,...,n—p) of VLX(y) is given by

(V15 V4, 0f) € RFP, (16)

which is to be interpreted as v; if p =1, as (vj4,v})" if p=2ete. For I =1,...,p we define the
(kp) x k dimensional auxiliary matrix D; = e;(p) ® Ii, where e;(p) denotes the I-th element of the
canonical basis of R? (and ® denotes the Kronecker product). The following claims are immediate

consequences of the structure of Vy (y) implied by (A1) - (A2):

(I) D,vj, is the first column of Vi x(y);

(II) If t > 2, then Dyvj, for i =2,...,t and { = 1,...,p are columns of VLX(y);
(III) If p > 2, then Dyw;,, for l=1,...,(p — 1) are columns of Vix ().

To see Parts (I) and (II), we observe that (Al) and (A2) imply that for ¢ = 1,...,¢t, there are at
least p zero columns between the columns v, and vy, , of Vx(y). Equation together with
j1 = 1 then immediately implies Parts (I) and (IT). Now we consider Part (III) and hence assume
that p > 2. We start with the case | = (p — 1). Every column of Vx (y) with index greater than
Jt+1 is zero by Assumption (Al). By Assumption (A2) we have n — jz41 > p — 1. Together, this
implies that the column vj,,, is followed by at least p — 1 zero columns. Since jiy1 — j > p + 1
by Assumption (A2), the column vj,_, is preceded by at least p zero columns. The assumption
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n — Ji+1 > p — 1 is equivalent to n — p > 7,11 — 1. Hence, denoting the m; X mo-dimensional zero
matrix by 0,,1,m2, we can use Equation with j = js4+1 — 1 to see that

/ / )/ _ {(01,(p2)ka1};‘t+1701,k)/ lfp > 2

/
(v U
Jt+1+p—27 > Vit Vjep1—1 / ’ : _
(’th+1701,k:) lfp_ 23

is a column of ‘71 x(y), where in deriving the equality we made use of the already established fact
that the column wvj,, , of Vx (y) is preceded by at least p > 1 zero columns (which implies that
v, ,,—1 is the zero vector), and followed by at least p—1 zero columns (which is used in case p > 2).
This proves the statement concerning Dj,_1vj,,,. In case p = 2 we are done. If p > 2, then the
statements concerning Dyvj,,, for I = 1,...,p — 2 follow from Equation together with the
equation in the previous display and the fact that vj,,, is preceded by at least p zero columns.

We now use (I)-(III) together with span({vj,,...,v;,}) = span({v;,,...,v;,, }) = R* to show
that rank(Vy x (y)) = kp: The matrix V; x (y) is kp x (n— p) dimensional. Therefore, we must show
that it has full row rank. Assume existence of a row vector & = (£1,...,&,), where & € RF for
i=1,...,p, such that §V17X(y) = 0 holds. Part (I) shows that 0 = £D,v;, = &pu;,. If £ > 2, then
Part (II) applied with [ = p shows that 0 = {Dpv;, = &u;, for ¢ = 2,...,¢t. Summarizing the cases
t=1and ¢t > 2 we obtain &uv;, = 0 for i = 1,...,t. Because {vj,,...,vj,} spans R¥, it follows that
& = 0. If p > 2, Part (III) implies that 0 = {Dyv;,, = &uj,,, for i =1,...,(p—1). If t > 2 Part
(IT) implies 0 = €Dyv;, = &y, for l=1,...,(p—1) and i = 2,...,¢. Summarizing again the cases
t =1 and t > 2 we obtain that for { =1,...,(p — 1) we have

&uj, =0fori=2,...,t+1

Because {va, ce Vg } spans R¥ | it follows from the previous display that & = 0forl = 1,...,p—1.
Since we already know that &, = 0, we obtain £ = 0 and thus rank(fﬁ’X(y)) = kp. Therefore
flg’;) (y) is well defined. To see that flg?) (y) = 0 we observe that every nonzero column of Vy (y)
besides the first one is preceded by at least p zero columns. The matrix f/p, x(y) is obtained from
Vx (y) by deleting the first p > 1 columns. This together with Equation immediately implies

Vo, x (¥)V{ x(y) = 0 and thus Ag’(’) (y) =0.
To show that y ¢ N* (€4 ar,p,x) under the conditions (CKV), (CAM) and (CNW), respectively,

we first note that rank(Zx (y)) = k. This follows, because Ag?) (y) = 0 implies Zx (y) = V. x(¥),
which together with jo — ji > p+ 1 shows that the vectors vj, for i = 2,...,t+ 1 (which span R¥)
are column vectors of Zx (y). As a consequence of Part 4 of Lemma positive definiteness of
Qurrp.x(y) and hence y ¢ N*(Qy a1.p.x) follows if we can show that Q. arp x (y) is well defined.
Since A®)(y) = 0 implies invertibility of I, — y Agf))((y), it remains to show that M is well
defined at y (cf. Remark[3.1]). This is trivially satisfied under Condition (CKV) because M € Mgy
is everywhere well defined. Suppose that Condition (CAM) holds, i.e., M € My, and every row
vector of the matrix obtained from Zx (y) by deleting the last column is nonzero. That the latter
condition is satisfied if n — j;41 > p — 1 follows because in that case the last column of Z x(y) is
the zero vector and rank(Zx (y)) = k. Under the assumption that every row vector of the matrix
obtained from Zx (y) by deleting the last column is nonzero it is obvious that the denominators in
the definition of p;(y) for i =1,... k, i.e.,
n—p—1
S ZxW)} for i=1,....k

Jj=1
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do not vanish. Therefore, p;(y) for i = 1,..., k are well defined. Using Assumptions (A1) and (A2)
together with p > 1 and Zx(y) =V, x(y ), 1t follows that there is always at least one zero column
X
ie

between two nonzero columns of Z ( ) Therefore, it is clear that the numerators appearing in the
definition of p;(y) for i =1,... k,

n—p

Z[ZX(Q)]ij[ZX(y)]i(j—l) for i=1,... k,

Jj=2

must vanish. It follows tha

t 0 for i = 1,...,k. We finally show that &;(y) > 0 for
i=1,...,k. We note that p,;(y

pily) =

)=0fori=1,...,k implies

6i(y) =(n—p—1)" ZZX Zfori=1,...,k,
Jj=2

Because of Zx(y) = V, x(y) it follows from Assumptions (A1) and (A2) that the first column of
Zx (y) must be zero. Furthermore, we already know that rank(Zx (y)) = k. This implies that the
matrix Z,, say, which is obtained from Z x(y) by deleting the first column, must be of full row
rank k. Consequently all rows of Z, must be non-zero. The previous display shows that &;(y) for
1=1,...,k is, up to a positive factor, the squared Euclidean norm of the i-th row of Z,. Therefore
G;(y) > 0 for ¢ = 1,...,k must hold. Therefore, we have shown that M (y) is well defined (we
even see that M(y) = 0 holds). Now we consider the case where Condition (CNW) holds, i.e.,
M € Myyw and every coordinate of w’'Zx (y) is non-negative (non-positive). We have to show that

i=—(n—p—1)

The non-negativity (non-positivity) condition immediately implies &;(y) > 0 for |i| = 0,1,...,n —
p — 1. Furthermore, since rank(Zx (y)) = k and w # 0, by the definition of the weights vector, we
have w'Zx (y) # 0. This implies 5o(y) = (n — p)~*||w'Zx (y)||? > 0. By assumption w(0) = 1 and
w(i) >0 for |i| =1,...,n —p — 1. Therefore, the quantity in the previous display does not vanish
and thus M(y) is well defined. This proves the second part of the lemma.

We next prove Part 3. Let @ be a regular k x k& dimensional matrix. First, we obviously have
XQ € Xy, because X € Xy and Q is regular. Secondly, since span(X) = span(X @), using regularity
of @, we have that x (y) = tixq(y). This immediately entails

Vxo(y) = (XQ)' diag(ixq(y)) = (XQ)' diag(x (y)) = QX' diag(iix (y)) = Q'Vx (y).

Therefore, the tuple (y, XQ) € R™ x X, satisfies (A1), (A2) and (A3), because (y, X) does so and
Q is regular.

It remains to prove Part 4. We do this by constructing a @ as in Part 3 such that the tuple
(y, XQ) € R™ x Xy satisfies Condition (CKV), (CAM) or (CNW), respectively, if M € Mgy,
M € My or M € Myw, respectively. If M € Mgy we can obviously choose Q = I.. Suppose
that M ¢ Mgy. Let Q € RF** be such that rank(Q) = k. We specify this matrix later on.
From Part 2 of the present lemma we see that the tuple (y, XQ) satisfies (Al), (A2) and (A3)
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and therefore we can conclude from Part 1 of the present lemma that Agfg(y) = 0, which implies

Z xq(y) = Vp, x@(y). Together with the equation in the previous display, we see that

Zxq(y) = Vpxo(®) = Q'Vpx(y)- (17)
We now want to choose @ € R¥*¥ (regular) such that

(i) every row vector of the matrix obtained from Z x@(y) by deleting the last column is nonzero,
and

(i) either every coordinate of w'Zxq(y) is non-negative, or every coordinate of w'Zxq(y) is non-
positive,

holds, and that additionally the first columns of X and X @), respectively, coincide. By assumption
we either have [Vx(y)]ij, > 0 for i = 2,...,t+ 1, or we have [Vx(y)]1;, <0 fori=2,...,t+1.
Consider the former (latter) case: Let

1 v v v v

01 00 ... 0
Q(y) = 0o 01 0 ... 0 ,

00 00 ... 1

which is a regular matrix for every v € R. Post-multiplying X by Q(v) has the same effect as
adding 7-times the first column of X to all other columns, without changing the first column. We
observe that since Vp7 x(y) is obtained from Vy(y) by deleting the first p columns, the nonzero
columns of V, x(y) are precisely the vectors [V (y)].j, for i = 2,...,t + 1 because (y, X) satisfies
Assumptions (A1) and (A2). Therefore, it is obvious from Equation (L7), together with the assumed
WVx(y)lij, >0fori=2,...,t+1 ([Vx(y);, <0 fori=2,...,t+ 1), that by choosing v* > 0
large enough, we can enforce that all nonzero columns of Z xQ(y+)(y) are coordinate-wise positive
(negative). Consider (i): Using Equation we see that Q(v*)'[Vx(y)].j, is a column of the
matrix obtained by deleting the last column of ZXQ(V*)(y). This follows from jo > p+ 2 (a
consequence of the assumptions jo — j; > p + 1 and j; = 1), which shows that Q(v*)'[Vx V)] -4
is a column of ZAXQ(W*)(y), together with jo < j5 < n (a consequence of k > 2), which shows
that it is not the last column of ZXQ(V*)(y). Since all coordinates of Q(v*)'[Vx (y)].j, are positive
(negative) by construction of Q(v*), it follows that Q(v*) satisfies (i) above. To show (ii) we recall
that w is nonzero and coordinate-wise nonnegative. Since all nonzero columns of Zxq,-)(y) are
coordinate-wise positive (negative), it immediately follows that every coordinate of w’ Z xQ(+) )
is non-negative (non-positive). By construction the first columns of X and XQ(7y*) coincide. This
proves the claim. O

Proof of Lemma[3.11, We start with the first part. Let X € Xy C R™** and y € R™ be arbitrary

but fixed. We show that y € N*(Q4 ap,x), which is equivalent to g 5, (y, X, R) = 0 by Part

5 of Lemma Ify e N(QK7M7P7X) C N*(Q,@M,p,X) we are done. Suppose y ¢ N(Q&MJ,X)
which is equivalent to g, ar,p(y,X) # 0 by Lemma We claim that rank(Zx(y)) < k must
hold. Assuming this claim and using rank(R) = ¢ = k, X € Xy which implies rank(X) = k, and
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y ¢ N(QN)M)I,)X) which implies rank(f — Y7, Al(p) (y)) =k, it then follows from the definition of
By, x(y) in Equation (7)) that rank(B, x(y)) < ¢. As a consequence, Part 2 of Lemma then
shows that € ar,p, x (y) is singular, which implies y € N*(Q ar,p,x ). To prove rank(Zx(y)) < k we
note that

~ ~ N N ~ -1
2x) = Vo) Ty = V) (V)W) Vix ()] = Fox i -

We see from the previous display that rapk(ZX(y)) = k, ie, Zx(y) having full row rank, is
equivalent to rank(V;, x (y)) = k and span(Vy (y)) Nspan(V, x(y)) = {0}. Using rank(V1,x(y)) =
kp, a consequence of y ¢ N(Q&M’p,x) (cf. Remark , this implies

rank (V] x(y) : Vi x () = (0 + )k

But this is impossible, because the matrix (VfX(y) : ‘A/Z:X(y)) is (n —p) x ((p + 1)k) dimensional,
which together with n < (p + 1)k + p implies rank(Vl’VX (y) : Ap’7X(y)) <n-p<(p+1)k.

Next, we prove Part 2 of the lemma. Under the present assumptions it is shown in Part 1 of
Proposition that for Agnxx almost every X € Xo we have gy 5, (e4, X, R) # 0 and therefore in
particular g; M’p(.,X ,R) # 0. This proves the first statement. To show the remaining statement
we construct a y such that g%\, (y,e4, R) # 0. Note first that 2p + 1 + 1y, (M) < n obviously
implies 2p+1 < n. Let y € R satisfy y1 = —1, yp+2 = 1 and y; = 0 else. [Note that this is feasible,
i.e., p+ 2 < n holds, because of 2p+ 1 < n and p > 1.] We intend to apply Part 2 of Lemma
with ¢ = k = 1 to the tuple (y,e;). We first have to show that the tuple (y, e, ), which is clearly
an element of R™ x X, satisfies Assumptions (A1), (A2) and (A3). For this we observe that e Ly,
which implies ., (y) = y and therefore

Ve, (y) =1, (y) =y

Hence (A1) is satisfied, because y; = —1 # 0 and y has only two nonzero coordinates. The
corresponding indices are j; = 1 and j;+1 = p+ 2. The first part of Assumption (A2) is therefore
obviously satisfied. The second part, i.e., n — ji11 =n — (p+2) > p — 1, follows immediately from
2p +1 < n. Assumption (A3) follows from y # 0 together with the previous display and t = k.

Therefore, Z., (y) = Vpe. (y) = (0,1,0,...0) € R"~? follows as an application of Part 1 of Lemma
Obviously (CKV) holds if M € Mgy . Since Zc+ (y) = (0,1,0,...0) it is also obvious that
(CNW) holds if M € Myw. Suppose now that M € M s holds. In this case 1y,,, (M) =1 and
therefore 2(p 4+ 1) < n holds. The latter implies n — (p +2) = n — ji41 > p — 1. Consequently the
statement in brackets in (CAM) shows that the condition is satisfied.

It remains to prove Part 3. Under the present assumptions it is shown in Part 2 of Proposition
that for Agnx-1) almost every X € Xy we have g:7M7p(e_,(e+,X),R) # 0 and therefore

g:,]\/l,p<'7(e+7X)aR> ;‘éO O

B Proofs of Results in Section [4]

For a definition of the group G (M) appearing in the following lemma we refer the reader to
Preinerstorfer and Pétscher (2014a) Section 5.1.
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Lemma B.1. Assume that the triple k, M, p satisfies Assumption [1 Assume further that

g:’M,p(.7X, R) £ 0. Then, § and Q.. M,p Satisfy Assumptions 5, 6, and 7 in Preinerstorfer and

Pétscher (2014a) with N = N(QKMP) In fact, QKMp(y) is nonnegative definite for every
Yy € R"\N(QR,M »), and is positive definite Agn-almost everywhere. The test statistic T defined
in Equation , with Q = Q. M,p, 15 tnvariant under the group G (M) and the rejection probabzlz-
ties P, y25(T > C) depend on (u,0%, %) € M x (0,00) x € only through ((RB —r) /0, %) (in fact,
only through (((RB —r) /o) ,X)), where 5 corresponds to p via p = Xf.

Proof of Lemma[B.. The assumption g ,, (., X, R) # 0 together with Part 5 of Lemma
implies that the algebraic set N* (QH M,p) is a closed Agn-null set. Therefore, by Lemma
follows that the algebraic set N(Qy arp) € N*(Qrp) is a closed Agn-null set as well. We claim
that Q, ar,, is continuous (and obviously well defined by definition) on R™\N (€, as,,), because it
can be written as a composition of continuous functions on this set: We recall from Equation
the representation

A n

Qe p(y) = Bp(y)Wn,p(y)B;,(y) for every y € R”\N(QK,M@).

We first observe that B,(.) (which was defined in Equation (7)) is continuous on R™\N (Qenrp);
because V(.) and hence A®)(.) and Z(.) are continuous on R*\N (. as,,). By considering each of
the cases M € Mgy, M € Myw and M € My separately, it is easy to see that M(.) is continuous
on R™\ N (£2,a,p). The main diagonal entries of W, (.) are by definition constant on R\ N (€2, as,p)-
Therefore, it remains to show that all off-diagonal entries are continuous on R”\N (2, ar,,). Each
of them is of the form (/M (y)) for some fixed |i| =1,...,n—p—11if M(y) # 0, and 0if M (y) = 0.
Since & is a continuous function by Assumption [1} and M(.) is continuous on R™\N (2, as,) and
satisfies M (y) > 0, it remains to check that x(z) — 0 as |z| — oo, which is a part of Assumption
I This proves the claim. Since 6 is well defined and continuous everywhere on R", it follows
that both 6 and Q,{Mp are well-defined and continuous on R™\N(§2,; ar,). Clearly, QKMP is
symmetric on R"\N (€2, as). This proves Part (i) of Assumption 5 in Preinerstorfer and Pétscher
(2014a). To prove the second part let y € R™\ N (2 P Mp)s @ #0and v € R¥. We have to show that
ay+Xvy € R"\N(Q.11p). Note that V(ay+Xv) = X' diag(a(ay+X~v)) = aV (i(y)), which implies
AP (ay + X~) = AP (a(y)) and Z(ay + Xv) = aZ(y). The latter immediately leads (considering
each of the cases M € Mgy, M € Myw and M € Mays separately) to M(ay + Xv) = M(y),
which in turn implies W, _p(ay + Xv) = W,_p(y). It then follows from the previous display
and the definition of B,(y) that Q. arp(ay + Xv) = a®Quarp(y). Therefore, we clearly have
oy + Xy € R"\N(Qy.1rp), which proves Part (i) of Assumption 5 in Preinerstorfer and Pétscher
(2014a), and where we have also established the equivariance property of QK, M,p Tequired in Part
(iii) of Assumption 5 in Preinerstorfer and Pétscher (2014a). That /3 satisfies the equivariance
property in Part (iii) of Assumption 5 in Preinerstorfer and Pdtscher (2014a) is obvious. It remains
to show that €2y s, is Agn-almost everywhere nonsingular on R™\N (€2, ar,,). This is equivalent to

{v € RN (Qarp) + det(Qunrp(9)) = 0F = N* (arp)\N (s a1,)

being a Ag»-null set. This is obvious, since we have already observed that N* (QH M.,p) 18 a Agn-null
set under the maintained assumptions. This proves the claim concerning Assumption 5. That
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Qr.1rp(y) is nonnegative definite for every y ¢ N(€..as,,) (Which is equivalent to g s (y, X) # 0
by Lemma has been shown in Part 1 of Lemma It follows that €, M,p is positive definite
on the complement of N* (€, ar,). Hence . ar, is Agn- almost everywhere positive definite. This
immediately shows that Assumptions 6 and 7 in Preinerstorfer and Potscher (2014a) are satisfied.
The remaining two claims in the lemma now follow immediately from what has been established
together with Lemma 5.15 Part 3 and Proposition 5.4 in Preinerstorfer and Pétscher (2014a). O

Proof of Theorem[{.2 In each part of the theorem we have g:7N17p(.,X, R) # 0. In Part 4 this is
an explicit assumption. In the other parts this is implied by the assumption that g M,p(.,X ,R)
does not vanish at a specific point. As a consequence Lemma is applicable in all parts of the
theorem. We shall now apply the first two parts of Corollary 5.17 in Preinerstorfer and Potscher
(2014a) to prove the first two parts of the present theorem. Lemma shows that 3 and QK, M,p
satisfy Assumption 5 in Preinerstorfer and P&tscher (2014a) with N = N (QH M.,p)- Furthermore,
note that the set N* figuring Corollary 5.17 of Preinerstorfer and P&tscher (2014a) coincides with
N*(Qy.a1p). By Assumption [2] the spaces Z; = span(e ) and Z_ = span(e_) are concentration
spaces of € (cf. Lemma G.1 in Preinerstorfer and Potscher (2014a)). Hence, Parts 1 and 2 of
the present theorem now follow by applying the first two parts of Corollary 5.17 in Preinerstorfer
and Potscher (2014a) and Remark 5.18(i) in Preinerstorfer and Potscher (2014a) to Z, as well as
to Z_, and by noting that Part 5 of Lemma shows that the statement ey € R\ N* (Q&M’p)
translates into g, ,, (e+, X, R) # 0, with a similar translation if e is replaced by e_. That the test
is biased in Part 2 of the theorem follows immediately from Part 5 of Lemma 5.15 in Preinerstorfer
and Potscher (2014a) (note that Assumptions 5 and 6 in Preinerstorfer and Potscher (2014a) are
satisfied by Lemma showing that W(C') contains a non-empty open set. To prove Part 4 we
apply Theorem 5.19 in Preinerstorfer and Potscher (2014a). Lemma shows that B and Q,{, M,p
also satisfy Assumption 7 in Preinerstorfer and Pdtscher (2014a). We consider the case where
er € I and RB(6+) # 0. The other case can be handled analogously. From Remark 5.20 in
Preinerstorfer and Potscher (2014a) we see that all conditions on the covariance model in Theorem
5.19 in Preinerstorfer and Pétscher (2014a) are satisfied with £ = e e/, span(3) = span(e ) and
Z = e,. Clearly, span(X) = span(ey) € 9 and RB(z) # 0 holds Aspan(s))-a-€. This shows that
Equation (33) in Preinerstorfer and Potscher (2014a) holds in the present setup. To conclude, it
remains to observe that K5 in this equation equals one. This follows from the discussion preceding
Theorem 5.19 in Preinerstorfer and Pétscher (2014a), because Q,{’ M,p is almost everywhere positive
definite by Lemma

Now we consider Part 3 of the theorem. We prove the case where g:;M,p(eJr, X,R)#0, T(ey +
wo) = C and grad T(es + pf) exists for some p§ € My. The other case works analogously. The
statement in the theorem saying that if grad T'(ey + pg) exists and T'(et + pg) = C holds for some
g € Mo, then grad T'(eq + pf) exists and T'(e4 + ui) = C holds for all pf € My follows at once
from invariance of T w.r.t. G(9My), which holds as a consequence of Lemma In a first step we
now show that the linear functional on R™ corresponding to the row vector grad T'(ug + e4) does
not vanish everywhere on span(e; )*: Arguing by contradiction, assume that grad T'(uf + e4 )w =
0 for every w € span(e;)®, which is equivalent to grad T'(ug + e, )’ L span(e; ) and therefore
grad T'(pu$ + e4)" € span(ey) holds, i.e., grad T'(uu$ 4 e4.) = ce!, for some ¢ € R. Since T' is G(My)
invariant, it holds for every v # 0 that

T(veq + pg) = T(v(ex + py — po) + 1o) = Tles + pg) = C.
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Hence on the set R\ {—1} the mapping
aT(er +us+aey) =T(1+a)ey +pi) =C

is constant, thus showing that the directional derivative of T" at the point ey + p§ in direction ey
is zero. The latter is equivalent to grad T'(ug + e )es = clles||* = 0, and hence ¢ = 0 holds which
implies grad T'(ug +e4) = 0. To arrive at a contradiction it remains to show that there is a vector v
such that the directional derivative of T at ey + pg in direction v does not vanish. To this end, recall
that Assumption 5 in Preinerstorfer and Pétscher (2014a) is satisfied, hence the discussion following

that Assumption in Preinerstorfer and Pétscher (2014a) shows that N*(£2y,as,p) is invariant w.r.t.
G(M). Therefore, e, ¢ N*(Qear,p) implies ey + p & N*(Qear,p). Since N*(Qar,) is closed
by Lemma there exists an open ball U, of radius € > 0 centered at e; + uf such that
U. € R™\N*(Qu.rp). Additionally, we note that e, ¢ 91, because M C N*(Qy ar,) always
holds (see the discussion in Preinerstorfer and Potscher (2014a) after Assumption 5). Therefore,
v = Igpreq /|| Hoprey| is well defined and for 0 < |a| < € we have ey + uf + av € U.. Assume
that 0 < |a| < e. The OLS estimator § clearly satisfies

Ri(es + 1 + aw) = RB(es + ) + aRA(v) = RBles + ),

where the second equality follows from v 19%. Since Qm M ,p satisfies the equivariance condition in
Assumption 5 of Preinerstorfer and Potscher (2014a) we can furthermore write

QK,M,p(eJr + pp + av) = QN,M,p(eJr + av)

>

wtp(es — Topey + av)

= Qatp(Tons €4+ allag e /|| o -]
(0%

= QK7M, <(1 + )HWLGJ,_)
P [Tlon e ||

6% N
mmeM’p (Hzmi €+)

>
[Tlop e ||

—(1+

=(1+ ) ntp (e + 115) -
By definition of T (cf. Equation and recall that e, + uf + av € U. € R*"\N*(Qy.27,)) and the
assumed equality T'(ey + pf) = C, the relations derived above allow us to show that

~ / ~
Tles + pi5 +av) = (RB(es + iy + av) =) Qb ler + ui + av) (RB(eq + iy + av) = 1)

~ N ~
= (0 ) ™ (BB + 1) =) k(e +00) (RB(er +15) = 1)
.
([T e |
«

[Man e ]

=(1+ )T (e + 1)

=(1+ )~2C

holds for every 0 < || < . This implies that the directional derivative of T in direction v at the
point e + pf equals —2C/||Hgp1 ey ||, which is nonzero as a consequence of C' > 0. In a second
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step we shall now derive an expansion of T" at points of the form y + uf for y satisfying e’ y # 0:
For every h € R™ we have

T(es + po +h) =T(es + pg) + grad T'(e4 + pg)h + Q(h) (18)

where Q(h)/||h]] = 0 as h — 0 and h # 0. Recall that T is invariant under the group G(9y). In
particular for every y such that €/, y # 0 we have

!

T(y + MO) = T(%eJr + ko + Hspan(e+)i-y) = T(6+ + ko + Hspan(e+)¢y)a

ey
where the first equality holds because of y = Ilspan(e,)¥ + Hspan(e, )+ ¥ and the second follows from
invariance of T w.r.t. G(9y). This means that whenever e/ y # 0 holds, we can combine the
equation in the previous display and Equation with h = 7~Tlgan(e, )1y to see that
ely +

* * n * n

T(y + :uO) = T(6+ =+ :uO) + a gradT(e+ + p’O)Hspan(e+)iy + Q(Enspan(mr)iy) (19)
+ +

holds and that n

€y Ym
for any sequence y,, satisfying €/, y,, # 0, ﬁﬂsmn(ﬂyym — 0 and e;ﬁﬂspan(ﬂyym # 0.
Now, we choose a sequence p,, € (—1,1) such that p,, — 1 and apply Assumption [2[ to obtain
A(pm) € € for every m. We intend to show that Py« (p,,)(W(C)) — 1/2 along a subsequence.
The last statement in Lemma then implies P, 524 (p,,)(W(C)) — 1/2 for every pair po € Mo
and 0 < 02 < oo along this subsequence. In Part 3 of Lemma G.1 in Preinerstorfer and Pétscher
(2014a) it is shown that A(pm) — et€y, D = Hgpan(e, )= Apm)Hspan(e, )+ /8m — D, where s, is a
sequence of numbers such that s, > 0, s,, — 0 and D is regular on span(e; )*. Furthermore, it is

Q( Hspan(eJr)iym)/HQ( Hspan(e+)Lym)H — 0, (20)

n
/
€4+Ym

shown that Tlg,an(e, )t A(pm)Hspan(e+)/s%2 — 0. We can use these relations to derive three useful
facts: (i) Observe that the matrix 8;11/2H5pan(e+)L A(pm)'/? is an n x n-dimensional nonnegative
square root of the symmetric matrix D,,. Therefore, we can find an orthogonal matrix U, such
that

m

S Mapan(e, ) Mpm) "/ *Un = D}/

holds. The sequence D,ln/2 converges to D2 as a consequence of D,, — D together with the
continuity of taking the nonnegative definite symmetric matrix square root of a symmetric and
nonnegative definite matrix. Since U, is orthogonal we can choose a subsequence m’ along which
U,, converges to U, say. Without loss of generality we henceforth assume m’ = m. Using the

relation in the previous display we find that sT_,Ll/ 2Hspan(e Yt A(pm)l/ 2 converges to

D* = DY2U7, (21)
and we recall from above that D2 € R™*" is regular on span(e,)’. (ii) We note that A(p,,) —
eqe!, implies

Apm)'/? = n=2e e,
(iii) We show that D*ey = 0 must hold: Note that Hspan(e”LA(pm)Hspan(e”/s}lf — 0 can be
rewritten as

(3;11/2Hspan(e+)LA(pm)1/2) A(pm)1/2HSpan(€+) =0,
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that the term in brackets converges to D* by (i) and that the other term converges to n_l/QeJre'+
by (ii). Therefore,
D*n2e e, =0,

or equivalently D*Ilpane,) = 0. But this implies D*ey = 0. Now, we are ready to show that
Pz A(pn)(W(C)) = 1/2. Let G be arandom n-vector defined on some underlying probability space
such that the probability measure induced by G on (R™, B(R")) equals Py 1, . Consequently, the
random vector A(pm,)Y/2G + pf induces the distribution Pz A(p,) on (R™, B(R™)). For notational
convenience we write G, = A(p,,)"/?G. Consequently, we have

Pz Apm) (W(C)) = Pr(T (G + p5) =€) (22)

= Pr (5, /2 [T(Gon + 115) = Tley + 1)) 2 0) .
where we used 57}1/ ?> 0and T(e++pg) = C in deriving the second equality. Note that e/, G, # 0
and ||ﬁﬂspan(e )2 G|l > 0 on an event of probability one. Using the expansion developed in

Equation we see that with probability one sp,"/2 [T(Gp, + pg) — T(et + pg)] can be written as
~1/2 n # n
S / |:e/+(_}rn grad T(€+ -+ NO)Hspan(eJr)i Gm + Q (%HSpan(e+)L Gm):|

n _
/ sml/2Hspan(e
+
e/, G,

n o
= e G grad T(€+ + MO)Sml/2Hspan(e+)i Gm + ||
+m

n n
— 1 G |7'Q [ ———TLane. 12 Gm | .
X ” (eﬁer span(e4 )+ )” Q (eg_Gm span (e )+ )

To derive the almost sure limit as m — oo of the expression in the previous display we first
observe that G, converges point-wise to n~/ 2ei e/, G because of (ii). From that it follows that
e/, G, converges point-wise to \/ne/, G and that Iy, )r Gy converges point-wise to zero. An
application of the continuous mapping theorem hence shows that

1L Gl

n

—1I
e G

)LG‘m —0

span(e4

almost surely as m — oo, which immediately implies

n . n
| (%HSP&D(SHLGm) (e <6Q_GrmHSpan(e+)LGm> —0

almost surely as m — oo as a consequence of Equation together with Q(0) = 0. We also
observe that (i) above implies
opan(e ) S *Gon — D*G

point-wise and thus, using the continuous mapping theorem again, we see that

n

e/, G,

—1/2
Hspan(e+)J‘Sm / Gm — ei"_iG
almost surely as m — oo (where the limiting random vector is well defined almost-surely). This
finally shows that

NG

s 2 [T(Gom + 1) = Tlex +15)] = -
€+

grad T(eq + p3)D* G,
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almost surely. We already know from Equation that D* = D'2U’, where U is an orthogonal
matrix. Furthermore D'/? maps R™ onto span(e, )", and grad T'(ey + p) does not vanish every-
where on span(ey)*. Hence, we see that the probability that the limiting random variable in the
previous display takes on the value 0 vanishes because grad T'(e4 + ) D*G is a Gaussian random
variable with mean zero and positive variance. Hence, Equation together with Portmanteau
theorem shows that

vn
e, G

Pz A(pm) W(C)) — Pr( grad T'(eq + uy)D*G > 0). (23)

The covariance between the Gaussian mean-zero random variables grad T'(e4 4 p5)D*G and €/, G
is given by
grad T'(eq + pg)D ey = 0,

where the equality follows from (iii). Therefore, €/, G and grad T'(e4 + u$)D*G are independent.
Since the probability to the right in Equation equals the probability that the random variables
¢/, G and grad T'(e4 + pj)D* G have the same sign it is now obvious that the limit equals 1/2. [

Lemma B.2. Assume that the triple k, M, p satisfies Assumption[1] and let T be as in Equation
(B) with Q = Qu prp. Let po € Mo. Then the following holds.

1. If M € Mgv and g5, ., (y, X, R) # 0, then grad T'(uuo +y) ewists.

2. Suppose that M ¢ Mgy, that & is continuously differentiable on the non-void complement of
a closed set A(k) C R, and that g, 1 (y, X, R) # 0. Assume further that one of the following
conditions is satisfied:

(a) M(y)#0 andm ¢ A(k) forlil=1,....,n—p—1.
(b) M(y) =0 and k has compact support.

Then grad T'(puo +y) exists.
3. If M ¢ My, then for every § > 0 we have
{y €R™ : g% v p(y. X, R) # 0 and M(y) =0}
= {y ER": g5 rp(y: X, R) # 0 and g,(f)M,p(y, X) = 0} ,

where g,(f;\/[p : R® x R™* — R is a multivariate polynomial (explicitly constructed in the

proof) that does not depend on the hypothesis (R, 7).

Proof. We first verify Parts 1 and 2. Let us start by deriving a convenient expression for T'(uo + )
under the assumption gy »,,(y, X, R) # 0. By Lemma the assumption g:_’M’p(y7X, R) #£0is

equivalent toy ¢ N*(Qy 1) An application of Lemma|B.1|shows that Q. ur,, satisfies Assumption
5 in Preinerstorfer and Potscher (2014a). An application of Part (ii) of this Assumption shows that
o +y ¢ N* (Q,%M,p). We can therefore use Equation together with RB(y + o) =T = RB(y)
and Q. ar.p (10 + ) = Qe rrp(y) (both following from Assumption 5 in Preinerstorfer and Potscher
(2014a)) to see that y ¢ N*(Qy ar,) implies

n
n—p

T(uo + ) = By RO, () RBW) = Aly) R ( Bp(wwn_p(y)B;(y))_ RA(y),
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where in deriving the second equality we made use of the representation of QN, M,p(y) developed in
Equation . The function B (.) is linear and hence totally differentiable on R™. Furthermore, in
the proof of Lemmait is shown that the coordinates of the matrix B)(.) are multivariate rational
functions (without singularities) on R™\N* (€, as,,). In particular the coordinates of B,(.) are con-
tinuously partially differentiable on R™\ N "‘(Q,.€ M,p). To show that grad T'(uo + y) exists at a given
point y € R*"\N*(Qy.ar,) it is therefore sufficient to show that each off-diagonal element (recall
that the diagonal is constant) of W,,_,(.) is continuously partially differentiable on an open neigh-
borhood of y in R*\N*({, ar,). Recall that the i-th off-diagonal element (i € {1,...,n —p—1})
of W,,_,(.) evaluated at some y € R™\N*(Q, 1) is given by

) = {n(z’/M(y)) if M(y) # 0

o else.

If M € Mgy the sufficient condition above is obviously satisfied, because in this case M > 0
is constant and therefore f;(.) is constant on R™\N*(€, rs,). This proves Part 1 of the lemma.
Consider now Part 2. By considering separately the cases M € My and M € My, we observe
that M (.) is continuously partially differentiable in an open neighborhood of any element y of
R™\N*(Q.ar,p) satisfying M(y) # 0. We start with Condition (a). Let y satisfy y ¢ N*(Qu.ar.p)
and M(y) # 0. Fixani € {1,...,n—p—1}. By assumption x is continuously differentiable on
an open neighborhood of i/M(y) ¢ A(k). Hence there exists an open neighborhood U of y in
R™\N*(Qy a1,) on which M (.) is strictly greater than zero and such that x(i/M(.)) is continuously
partially differentiable on U. It hence follows that f;(.) is continuously partially differentiable on
U because it coincides with #(i/M(.)) on this set. To establish existence of the gradient under
Condition (b) let y satisfy y ¢ N*(Qu arp) and M(y) = 0. Let ¢ be as before and recall that the
support of x is compact by assumption. Since M is continuous on R"\ N *(QK M,p), there exists an
open neighborhood of y in R*\ N *(QK M,p) such that for every point y* in this neighborhood we
either have M (y*) = 0 or that ¢/M(y*) is not contained in the support of x. It follows that the
function f; is constant equal to 0, and thus is in particular continuously partially differentiable, on
this neighborhood.

To prove the third part of the lemma consider first the case M = Man1,0 € Mans, where
we dropped the index ¢ because the argument and the resulting polynomial do not depend on it.
Suppose y satisfies g 17, (4, X, R) # 0. Then Man1,,(y) is well defined and by definition
Man1,w(y) = 0 if and only if &1 (y) = 71_1(61715)1/C2 =: 6* holds, where ¢; and ¢, are positive
constants. This can equivalently be written as

k k
B 403 ()6} (v) Y o /1 ()
D X AP Se e mycs

i=1 v

which, after multiplying both sides of the equation by H§:1(1 — p;(y)°(1 + p;(y))? (which is

42



nonzero), is seen to be equivalent to

k k
D owi 407 ()at ) [T =55 w)° (1 + pi(y))*
i=1 i

5*2% A )L+ pi)* (1= puly 2H1—p] )*(1+p;(y))*| =0
J#i

By multiplying both sides of this equation by a suitably large power of the products of the denom-
inators of p;(y) (which are nonzero), we can write the preceding equation equivalently as

k
>_win,(Z(y) =0

where each @(5) : RFX(=p) 4 R for i = 1,...,k is a multivariate polynomial. In a final step we
multiply both sides of the equation by a suitably large power of the non-vanishing factor in Equation
to obtain an equivalent equation of the form

(%)
inMAlep y7 szp 07

where each p( ) R™ x R"*F 5 R is a multivariate polynomial. Therefore, the condition

g:,JVIA]yjylvw,p(y’X) # 0 a’nd MAM71,W(y) = 5

can be equivalently stated as
I Marsa.op¥: X, R) # 0 and ¢ MAM L op¥ X)) =0.

Finally, we note that the multivariate polynomial gfj?wAM Lo RTX R™** — R does not depend
on the hypothesis (R, r). This proves the last part of the lemma in case M = Mami,w € Mg
The proof of the case M = Mapr,2,, € My is almost identical and therefore we omit it. We finally
note that similar arguments can be used to prove the statement in case M € Muyw, but we omit

details. O

Proof of Proposition[{.3. We first prove that the sets Xa(e ), Xa(e_), Xa(ey) and Xy(e_) do not
depend on the specific choice of yg y € Mg, x. This follows from an invariance argument. Consider
for example the set Xo(e, ), which is by definition a subset of Xo\X1(e4). Every element X of this
superset satisfies i arp(., X, R) # 0. Hence, for every such X the corresponding test statistic Tx is
invariant w.r.t. G(9Mp x) by Lemma [B.1] It now immediately follows that X1 (e) does not depend
on the specific choice of ug y € My x. The same argument shows that the statement in Part 2
Condition (d) is independent of the specific choice of 1y (e X)’ We shall now prove the three main

parts of the proposition and start with the first:
1) We begin with the statement concerning X1 (e). Under the maintained assumptions we know
from Part 5 of Lemma that g5 57 ,(- ) 1 R" X R™** x R9*k 5 R is a multivariate polynomial.
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This immediately implies that g ,, (e4,., R) : R™** — R is a multivariate polynomial, showing
that
{X € RnXk : g:,M,p(e-‘r?Xa R) = O}

is an algebraic superset of X1 (e4). It hence suffices to show that the set in the previous display is
a Arnxx- null set, or equivalently to show that g:7M7p(e+, ., R) # 0. To this end we shall use Lemma

(with ¢ = k) to construct a matrix X € Xo such that g 5, (e4, X, R) # 0. Let H € R(E+1)xk

be an auxiliary matrix the column vectors of which span span(ey)t, where e,y = (1,...,1)" € R¥+!
is the vector obtained from ey by selecting the coordinates with indices j; = 1+ (¢ — 1)(p + 1) for
i=1,...,k+ 1 (we shall need a similar construction for e_ later on). Note that this selection is

feasible because jr+1 = 1+k(p+1) < n holds as a consequence of the assumption n—[k(p+1)+p]—
1ni,,, (M) > 0 together with p > 1. We also note that H does not contain a row consisting of zeros
only. If the construction of M involves a weights vector w (which is assumed to be functionally
independent of the design) we choose the columns of H in such a way that Hw = (-1,1,0,...,0)’
which is possible because this vector is an element of span(é; ) and w # 0 holds. We now let
X € R™*F be the matrix the non-zero rows of which are precisely Xj,.=Hjfori=1,...,k+1,
ie.,

/
X = (H;,,ok,p,Hg,,ok,p,Hg,,ok,p, . ,H{Hl)_,ok,n,k(m),l) e Rk, (24)

where 0y, m, denotes the m; x mso-dimensional zero matrix (here O ,—p(p+1)—1 vanishes if n —
k(p+1) —1=0). Obviously rank(X) = rank(H) = k holds, which implies X € Xy. Furthermore,
e+ L span(X) holds, which follows immediately from e L span(H ), because the non-zero columns of
X have column indices j; for i = 1,...,k + 1 by construction. Therefore, we see that i x(ey) = ey
showing that

Vx(ey) = X' diag(iix (e4)) = X' diag(e).

Now we apply Lemma [A1] with ¢ = k to (e4, X) € R" x Xo. That the tuple (e, X) satisfies (A1)
of that lemma is obvious from the preceding display and Equation . We also see that (A2)
is satisfied because j;y1 —j; = p+ 1 fori =1,...k and k(p+ 1) + p + Lm,,, (M) < n implies
n—jgr1 =n—k(p+1) —1>p—1. That (A3) is satisfied follows from the preceding display
together with rank(X) = rank(H) = k. To infer g 5, ,(e+, X, R) # 0 from Part 2 of Lemma
we consider three cases: First, if M € Mgy (CKV) is obviously satisfied and we are done. Secondly,
assume that M € M. In this case we have by assumption k(p 4+ 1) +p + 1 < n which implies
n—jk+t1 =n—k(p+1)—1>p—1. This shows that (CAM) is satisfied. Thirdly suppose that
M € Mpyw. Since Ag?)(eJr) = 0 follows from Part 1 of Lemma we see that Zx (ey) =V, x(ey)
and hence that the nonzero columns of Zy (e4) are precisely H. fori =2,...,k+1. By construction
we have Ho.w # 0 and H;,w = 0 for ¢ = 3,...,k + 1. This shows that exactly one coordinate of
w'Zx (e4) is non-zero which implies that (CNW) holds. To show that X;(e_) is a Agnxx —null set,
we can use a similar construction: we replace e, by e_ throughout. If p is even we then have

e. = (-1,1,—1,..., (=11 If p is odd we then have é_ = (—1,—1,...,—1)". Furthermore, if
the construction of M involves a weights vector we choose H such that Hw = (1,1,0,...,0)" if p is
even, and Hw = (—1,1,0,...,0)" if p is odd. The remaining arguments are identical.

Now consider ¥3(e4). Using Part 1 of Lemma we see that in case M € Mgy the set
Xo(ey) is empty, because (grad Tx (.))[e, +u;  exists whenever X € Xo\X1(ey). Next consider the
cases where M ¢ Mgy and where x satisfies Assumption [3] From Part 2a of Lemma we know

that for X € Xo\X1(e4) the non-existence of (grad Tx(.))e, +,; , implies either M(e;) = 0 or
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i/M(ey) € A(k) for some |i| = 1,...,n—p— 1. The latter two cases can clearly be summarized as
M(ey) € A, where A = {60, 61,...,0,m} is a set consisting of finitely many elements. Therefore,

Xa(eq) € {X € Xo\X1(eq) : (grad Tx (.))]e, +uz does not exist }
CH{X €Xo\Xi(eq) : M(es) € A}
= U {X € Xo\X1(eq) : M(eq) = 6i}-
i=0

We use Part 3 of Lemma [B2] to rewrite the latter set as

U {X € Xo: g mplet, X, R) # 0 and ggl\zfp(eJr,X) = O}
i=0
m s
= {X € Xo: gi ppler, X,R) £ 0and g% (e, X) = 0} :
i=0

which is clearly a subset of

{X e Rk . Hgfj]\)/[p (e, X) :O}.

=0

Part 3 of Lemma shows that [~ ggj\)&p(e% ) : Rk 5 R is a multivariate polynomial. We
consider two cases: First assume that HZ 0 g,(f 1\)4 p(e+, .) # 0. Consequently, the set in the previous
display is a Agnxx-null set. It hence follows that Xa(ey) is a Agnxr-null set and we are done. Next,
assume that [];" g,(f]\zf’p(eJr7 .) = 0. Tt follows that there must exist a single index i such that
gff 1\31 p(e+,.) = 0 holds [this is easily shown by contradiction]. Part 3 of Lemma hence shows
that X € X, and 9rvpler, X, R) #0, e, X € Xo\Xi(e4), implies M(ey) = d;. Clearly,

Xa(ey) C{X € Xo\Xi(eq) : Tx(ey +pg) = C}-

If X € Xo\X1(ey), then (cf. the argument in the beginning of the proof of Lemma applied to
y=eq)

Tx(es + 13.x) = Bx (e B (2 Bx(erWasplen) Byx((en) ) Rix(en).  (25)

Furthermore, since X € Xo\X1(e4) implies M(e;) = §;, the matrix W, _,(e4) is constant W,,_,,
say, on Xo\X1(e). Hence, for X € Xo\X1(e4), the statement T'x (e4 + g ) = C is equivalent to

F2(es, X) [det(XX)Bx (e)] R adi(By.x ()W By x(e) R [det(X'X)fx (e

= - . g det(X'X)* det(By x (e )Wn_p B, x((e4)))C

where B, x(e1) and F,(e4, X) have been defined in the proof of Lemma [3.10] where it is shown
that g. arpes, X) # 0 and X € X( (which is weaker than X € Xo\X1(ey)) implies F,(e4, X) # 0.
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Furthermore, it is shown in the proof of Lemma that [Bp, (e4)]ij : R™* - R (for 1 <i<gq
and 1 < j < n — p) is a multivariate polynomial, and that F,(e,.) : R®*¥ — R is a multivariate
polynomial as well. It is easily seen that the coordinates of det(X’X)fx(ey) as a function of X
are multivariate polynomials. Putting this together we have shown that

Xaler) C{X e R™F :py arpley, X,0) =0},

where p, a7 p(e4,.,C) : R™* — R is a multivariate polynomial. Therefore, if we can show that
Pr,Mples,.,C) # 0 we obtain that X2(et) is a Agnxx-null set. In the proof of the part concerning
X1 (e4) above we have already constructed an X € X(\X; that satisfies e; L span(X) which implies
Bx(ey) = 0. Together with Equation this shows that T’y (e4 + g x) = 0 < C holds for this
specific X. But this immediately shows that p. arp(e+, X, C) # 0 and we are done. Clearly, we can
use an almost identical argument to prove the statement concerning Xs(e_). Under Assumption
the set of matrices X € Xy for which the first three cases of Theorem do not apply is obviously
a subset of (X1(e4)UXa(es)) N (X1(e—) UXa(e_)). Hence the first part of the proposition follows.

2) We start with the statement concerning X (e—). Under the maintained assumptions we know
from Part 5 of Lemma that g:’M’p(.7 )t R? x R™¥F x R9*k 5 R is a multivariate polynomial.
This immediately implies that g 5, (e—,(ey,.), R) : R™*(=1) 5 R is a multivariate polynomial,
which shows that ~ ~

{X € RnX(kil) : g:,M,p(e—7 (6+aX)a R) = 0}

is an algebraic superset of X (e—). It hence suffices to show that the set in the previous display
is & Agnxk-1)- null set, or equivalently to show that g,fwj\/[’p(e,7 (e4,.), R) £ 0. Again, we shall use
Lemma with ¢t = k to construct a matrix X € X, such that 9w ple—, (e4,X),R) # 0. The
situation here is more complicated than in the first part, because the first column of the design
matrix we seek has to be the intercept. For our construction we need some additional ingredients: By
definition p* = p+1ifpisodd, and p* = pifpiseven. If pisoddset v =e&* =(-1,—-1,...,—-1,1) €
RFH1 where &* is the vector obtained from e_ by selecting the coordinates ji=gifori=1,...,k
and ji,, = ji +p* +1, where j; = 1+ (i —1)(p+1) for i = 1,...,k + 1 was defined in Part 1
above. This selection is feasible, because by assumption we have k(p + 1) 4+ p* < n, which, since p
is odd, gives k(p+ 1) +p+1 < n, implying that j;,, = (k—1)(p+1)+p* +2=k(p+1)+2 < n,
because of p > 1. If pis even set v = &_ = (—1,1,—1,...,(=1)**1) € R¥*1 the vector obtained
from e_ by selecting the coordinates j* = j; for ¢ =1,...,k + 1. Next, define

z=(=1,k71, ... k1) e RFL,

We claim that v and z satisfy u := Ipan(z)v # 0, 2 := Igpan(z)1v = v — u is linearly independent
of e :=(1,...,1) € R*! and z is orthogonal to e. The latter property is clearly always satisfied,
regardless of whether p is even or odd. We thus only have to verify the first two conditions. We
start with the case p odd. Here we have z’v = 2k~ # 0 and therefore Hgpan(z)v # 0. Furthermore
Mypan(z)2 v = v — [|2]|722’vz can not equal ce for some ¢ € R, because the last and the last but one
coordinate of v are unequal. For p even z’v = (1+k~'s), where s equals either 0 (if k is even) or 1 (if
k is odd), therefore 2'v # 0 holds and thus pan(z)v # 0. Furthermore Iy, ()1 v = v — |zl =22 vz
can not equal ce for some ¢ € R, because the second and third coordinate of v are unequal. This
proves the claim. Using these properties, we see that u € span(z)\ {0} and

U=V—=T=7V— Hspan(e,;ﬂ) (’U - Hspan(z)v) =V - Hspan(e,m)v = Hspan(e,w)iv7
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where we have used that z is orthogonal to both e and = to derive the third equality. We shall
now define an auxiliary matrix. Let L denote a (k + 1) x k-dimensional matrix such that L., = e,
L., = x and such that the remaining £ — 2 columns L.; for j = 3,...,k are linearly independent
and orthogonal to span(e,x,v). Since e and z are linearly independent, we have rank(L) = k. For
later use we observe that

Hspan(L)U = Hspan((e,w))v =v-= Hspan(e,x)iv =Vv—-u=1z,

where the first equality follows immediately from L.; for j = 3,...,k being linearly independent
and orthogonal to span(e, z,v). This immediately shows

Br(v) = (0,1,0,...,0) € R

Define the two k-vectors r_ = (1,—1,0,...,0) and ry = (1,1,0,...,0)". Let X € R"** be such that
Xjs. = L fori=1,...,k+1, and if the index j ¢ {jl*,...,jz+1}, then let X;. = ry if [e_]; = 1,
and let X;. = r_ if [e_]; = —1. By construction the matrix X is of the form X = (e, X). We claim
that Bx (e—) = B1(v). To see this denote the set of indices j € {1,...,n}\ {4t,..-, 4541} such that
le_]; = —1 by Z_, and the set of indices j € {1,...,n}\ {jf, e ,j,’;H} such that [e_]; =1 by Z,.
The sum of squares S(3) = |le- — XA3||? can be written as

k+1
SB) = (le-lir = X2 B8+ D> (=1=r_p)*+ Y (1—r.p)
=1 JEL_ JEL+
k+1
=Y (i —LiB)P+ Y (-1-r )2+ > (1-7p)
i=1 JET_ jeTy

= o= LB+ 3 (-1 =1 )+ 3 (1 =B
JET_ JjeT,

If we now plug in 8 = 31 (v) and note that TQFBL(U) =1 and B (v) = —1 we see that

k+1

S(BL(v) = Z(Ui — Li.Br(v))* = i lv — LB|1%.

This immediately proves the claim By (e—) = Br(v). Hence, the residual vector satisfies

R u; ifj=jf forsomei=1,...,k+1
[ax(e-)]; =
0 else.

This immediately entails that Vy (e_) = X’ diag(dx (e_)) equals

(UIL/L’ 0k,p7 u2L/2.7 0k,p7 ey ukL;ﬁ Ok,p* 5 uk+1L/(k+1).a Ok,nf[k(erl)er* 7p+1])7 (26)

where the indices of the nonzero columns of this matrix are precisely j; fori =1,...,k+1, because
the first column of L is e and w; # 0 for i = 1,...,k+ 1, the latter following since u € span(z)\ {0}
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and z; # 0 for i = 1,...,k + 1 by definition. In deriving the dimension of O »,—[k(p+1)+p*—pt+1] We
used

kE(p+1)4+2 if podd

E(p+1)4+1 if peven.

Now we apply Lemma (with ¢ = k). Clearly, rank(X) = rank(L) = k. From Equation (26]),
and the discussion following it, we see that the tuple (e_, X) € R™ x X, satisfies Assumption (Al).
Assumption (A2) is satisfied, because ji\ |, —j; > p+1fori=1,...,k, and because we see from
the previous display that n —j;,, = n—[k(p+1)+1+p* — p], which together with the assumption
k(p+1) +p* + vy, (M) < nimplies n — ji ; > p— 1. Assumption (A3) is satisfied because
rank(Vx (e_)) = rank(L) = k. If M € Mgy we are done. Consider the case M € M. We show
that Condition (CAM) is satisfied. But this is obvious, because the assumption k(p+1)+p*+1 <n
immediately implies n — j; ; > p — 1. Suppose M € Myw. We apply Part 4 of Lemma For
this we claim that either [‘A/X(e,)]lj; >0fori=2,...,k+1or [VX(e,)]U; <O0fori=2,...,k+1.
Assuming that this claim is true, the lemma shows that there exists a regular matrix @ € RF*F
such that XQ € Xo, the first column of X@ is e; and g; 5, ,(e4, X@Q, R) # 0, and we are done. To
prove the claim recall that by construction u € span(z)\ {0} holds, which shows that either u; < 0
fort=2,....,k+1orwu; >0fori=2,...,k+ 1. Furthermore, the first column of L is the vector
e=(1,...,1). Equation now shows that [Vx(e,)]lj; =u,; for i =2,...,k+1. This proves the
claim.

The part of the statement concerning X5 (e_) is established by exploiting an argument similar to
the one given in Part 1 of the proof. Firstly, if M € Mgy, then we know from Part 1 of Lemma [B-2]
that g7 s, (e—, (e, X), R) # 0 implies existence of grad(T(E+’X)(.))|ef+“3 )" Therefore, X5(e_)

Jh+1 Zk(p+1)+1+p*—p={

is empty in Case (a). It remains to prove the remaining three cases, in all of which Assumption
holds. Clearly we can also assume that M ¢ Mgy. We start with the following observation:
Combining Assumption [3| with Part 2a of Lemma as in Part 1 of the proof, we see that there

exists an integer m > 0 and real numbers Jy, . . ., d,,, such that
Xo(e_) C {X e R0 TT 9% (e (64, X)) = 0} . (27)
i=0

It follows with the same argument as in Part 1 that either )~(2 (e—) is & Agnxx—n-null set, or there
exists an index ¢ such that gfjj&’p(e_, (e4,.)) = 0. In the former case we are done. In the latter

case one can show, with a similar argument as in Part 1 of the proof, that

o) € {X e R i p ey (4, X),C) = 0, (28)

where p. arple—, (ey,.),C) : R™*(*=1) _ R is a multivariate polynomial. Either we have that
Pr,mple—, (ex,.),C) # 0 and .%2(6_) is a Agnx-n-null set, or p, arp(e—, (e4+,.),C) = 0 and the
superset in the previous display coincides with Xo\ %1 (e_). Consider Condition (d). If the function
X — T(e+,)~()(/¢;,(e+,)~{) +e_) is not constant C' on Xo\X1(e_), then p, arple_, (eq,.),C) # 0, and
hence the superset in Equation is a Agnx—n-null set. This shows that ig (e—) is a null set
under Condition (d).

For Condition (b) we consider again the inclusion in Equation (27)). Either the superset is a null

set and we are done, or there must exist a real number §; such that g,(f;\zl ple—.(e4,.)) = 0. Assume
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the latter. We exploit a property of the matrix X = (e;, X) with X € Xo\X;(e_) constructed
above. In the proof of Part 2 (CAM) of Lemma it is shown that for this specific X we have

M(e—) = 0. Therefore, gff}w’p(e_, (e4,.)) =0, or equivalently M(e_) = 0 for every design matrix

X = (ey, X) with X € Xo\X1(e_). But since the kernel satisfies Assumption 4} the existence of

(grad T, )(.)) o gy te- for every X € Xp\Xi1(e_) then follows from Part 2b of Lemma
: (e

Hence, X5(e_) = 0.

Consider Condition (c). We use a similar argument as under Condition (b): We establish
the existence of a sequence of matrices (e4,X,,) with X,, eventually in Xo\X;(e_), such that
M(e_) — 0 as m — oo. From an argument as in the proof under Condition (b) this then implies
that either X5(e_) is a null set, or that M(e_) = 0 on Xo\X1(e_). But since « satisfies Assumption
it then follows from Part 2b of Lemma that in the latter case ¥y(e_) is empty. This then
proves the claim. It remains to construct a sequence X,, as claimed. By assumption w; > 0 for
some ¢ > 1. Assume without loss of generality that ¢ = 2 (otherwise we have to interchange the
columns of the X,, sequence to be constructed accordingly). Let X = (e, X) be as constructed
above. Let 7, > 0 be a sequence diverging to co. Recall that by construction in*l = x; for

i=1,...,k+ 1. Since p is odd, a simple calculation shows that z = Il ., (.)1 v equals
2 2k~ 2k~ 26~/
=(-1 -1- ey 1l—— 1= — .
v ( T E+1"777 k+1’ k+1>
Letc=1+ % and note that
E~t+1
=2 0,...,0,1).
x+ce ( k+1 ) ) ) ) )
Define the k x k dimensional regular matrix
1 ¢ 0
01 0 ... ... 0
Qm=QD,, = [0 0 1 0 .0} diag(1,ym,1,...,1).
00 0 0 ...1

Clearly, post-multiplying a matrix with k& columns by @,, has the same effect as adding ¢ times the
first column to the second column, then multiplying the column so obtained by ~,, and leaving all
other columns unchanged. Since L.; = e and L.o = z, the expression for x + ce above shows that
the second column of LQ), has precisely two nonzero elements with indices 1 and k+ 1, respectively.
Since X = (e4, X) € Xo and (e_, X) satisfies (A1)-(A3) as established above, Part 3 of Lemma
shows that : y

X = (€4, X)Qm = (e+, Xyn) € Xo,

and that the tuple (e_, X,,) € R™ x X; satisfies (A1), (A2) and (A3). Hence flg?) (e—) = 0 holds.
As a consequence Zx, (e_) is well defined for every m. Using
ZX'rrz (6_) = DWQ/ZX (e_)

(cf. the proof of Lemma Part 4) and rank(Zx (e_)) = k, which was shown above, we see that
rank(Zx,,y(e—)) = k must hold, which together with w # 0 immediately implies o9 x,,(e—) # 0.
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Since Z x (e_) is obtained from VX( _) by deleting its first p columns, We observe using the remark
concerning the second column of L@ above together with Equation (26)), that the second row of
Q' Zx (e_) has exactly one non-zero coordinate, namely 2uy 1. Conblder

Gixmle-) _ i \p|+1W[ZX )] lZx, W) gy
Go0.x,, (e-) St W Zx,, W) Zx,, ()] w
Z] |i |+1w (94 ZX( )]-51Q Zx )| G—]i))Wm
SIY @0 Q' Zx (1)) 5(Q Zx (1)) %

for |i| =1,...,n—p—1, where @,, = Dp,w/||Dpmw||. Clearly @,, — (0,1,0,...,0). Since the second
row of @Q’ 2( e %) contains by construction precisely one nonzero entry, it follows that the limit of
must be 0 for 4 = 1,...,n — p — 1. Furthermore we have ¢ x,, (e_) — oco. It immediately
follows from w(0) = 1 and the definition of M that M (e_) is well defined for m large and that it
converges to 0 as m — co. The remaining part of the proposition is obvious.

3) Let X € X, and assume that X = (e4, X) satisfies 9 p( X, R) # 0. Obviously, ey €

span(X). Note that Bx(e4) = e1(k). The first column of R is non-zero. Therefore Rfx (e4) # 0.
Thus we can (since Assumption |[2| holds) apply Part 4 of Theorem O

(29)

)

C Proofs of Results in Section [5

Proof of Theorem[5.3. We verify the assumptions of Theorem 5.21 in Preinerstorfer and Pétscher
(2014a) with Q.. Mp = Q and ﬁ . Because gn Mp( X, R) # 0 by assumption, and since the

triple k, M, p satisfies Assumption [1 |_L we can use Lemma Iﬂ to conclude that B and Qrz, M,p satisfy
Assumptions 5, 6 and 7 in Preinerstorfer and Pétscher (2014a), that Qm M,p is almost everywhere
positive definite and that T is invariant w.r.t. G(9). Assumption [5] Remark (Part (iii))
together with Remark 5.14 (ii) in Preinerstorfer and Potscher (2014a) now shows that J(€) =
span(e4) U span(e_) and that all assumptions on € appearing in Theorem 5.21 in Preinerstorfer
and Potscher (2014a) are satisfied. Because e;,e_ € 9N is assumed we have J(€) C 9M. The
assumption RB(ey) = RB(e_) = 0 even implies J(€) C My — po (for some arbitrary o € My).
Invariance of T w.r.t. G(g) then shows that Equation (34) in Theorem 5.21 of Preinerstorfer and
Pétscher (2014a) is satisfied. The assumptions on  appearing in Parts 2 and 3 of that theorem
are satisfied, because QK, M,p is positive definite almost everywhere. The theorem now follows from
Theorem 5.21 in Preinerstorfer and Pdétscher (2014a), using a standard subsequence argument,
positive definiteness of every element of € and compactness of €*, to obtain the second statement
in Part 3 from the corresponding Part of Theorem 5.21 in Preinerstorfer and Pétscher (2014a). The
claim in parenthesis in Part 3 follows from the corresponding claim in parenthesis in Theorem 5.21
of Preinerstorfer and Pétscher (2014a), together with the observation that the conditions on e and
e_ have only been used to verify the condition in Equation (34) of Theorem 5.21 of Preinerstorfer
and Potscher (2014a) (cf. the proof of Theorem 3.7 in Preinerstorfer and Pétscher (2014a)). O

Proof of Theorem[5.]] We apply Theorem 5.21 of Preinerstorfer and Potscher (2014a) with the
estimators QK MpX = = Q and (I, )BX = (. Obviously, the test statistic defined in Equation (28)
of Preinerstorfer and Pétscher (2014a) based on these estimators coincides with the test statistic
T as defined in the statement of the present theorem. Since the assumptions concerning € in the
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present theorem are the same as in Proposition [5.2] we see from the proof of this proposition that it
suffices to verify that Qm i,p,x and (I, O)B ¢ satisfy Assumption 5 in Preinerstorfer and P&tscher
(2014a), that Qn, i7.p.x is almost everywhere positive definite (implying that Assumptions 6 and 7
in Preinerstorfer and Potscher (2014a) are satisfied), and that the invariance condition in Equation
(34) of Preinerstorfer and Pétscher (2014a) is satisfied by T. By definition, Qm i1 p,x 18 the estimator
one would obtain following Steps 1-3 of the construction in Sectionbased on k, M and p, if X was
the underlying design matrix (observe that X is of full column rank) and (R, r) was the hypothesis
to be tested. By assumption, the triple x, M, p satisfies Assumptionw.r.t. the (dimensions k and
n of the) design matrix X and additionally 1 < p < n/(k + 3) holds. From 1 < k — k < 2, and the
definition of M it follows that the triple x, M, p satisfies Assumption [1] w.r.t. (the dimensions k
and n of) X. Furthermore, it is assumed that g:7M7p(., X, R) # 0. Therefore, we can apply Lemma

acting as if X was the underlying design matrix, to conclude that B ¢ and Qm i1 p,x satisty
Assumption 5 in Preinerstorfer and P&tscher (2014a) with N = N(QH7M,]) %) and k replaced by £k,

X replaced by X and 91 replaced by 9 = span(X)). Furthermore, Lemma shows that QK,M,p,X
is almost everywhere positive definite. We now apply Part 1 of Proposition 5.23 in Preinerstorfer
and Potscher (2014a) to obtain that Q,{’M%;{ and (I, 0)Bx satisfy (the original) Assumption 5
in Preinerstorfer and Potscher (2014a), and that the invariance condition is satisfied. To this end,
it suffices to verify that in each of the four cases we have span(J(€)) NP C My — po (for some
arbitrary po € 9). This is obvious in the first three cases. For Case 4 we can use exactly the same
argument as in the proof of Part 4 in Theorem 3.8 in Preinerstorfer and Potscher (2014a). O

Proof of Proposition[5.5, We begin with the proof of the first statement. We note that for Agnxx-
almost every X € Xy Case 3 of Theorem applies: Since by assumption (k + 3)(p* + 2) +
p—1 < n and by definition p* > 1, we have k + 2 < n. Therefore, the set of matrices X in
R™*k such that det((X,eq,e_)(X,es,e_)") = 0 holds is a Agnxs- null set. Hence, e;,e_ ¢ Mx
and rank((X,e4,e_)) = k + 2 holds for Agnxx- almost every X € X,. It remains to verify that

gr Mp(.,X,R) # 0 for almost every X € Xo, where X = X(X) = (X,eq,e_), R = (R,0,0) and

M 1is constructed as outlined in Theogen& For that it suffices to find a matrix X € R™*k and
a vector y € R™ such that g* - p(y, X,R) # 0. To see this note that the triple x, M, p satisfies

Assumption [1| w.r.t. (the dimensions of) X (cf. the proof of Theorem . Therefore, Lemmam
shows that (y, X) — gy M,p(y’ X, R) is a multivariate polynomial. If we can find a matrix X and a
vector y as above, this implies that the multivariate polynomial (y, X) — g:, Ve (y, X, R) is not the
zero polynomial, and therefore the zero set of this multivariate polynomial is a Agn ygrxx- null set.

It follows that for Ag.xx- almost every X we must have g; Mm(" X, R) # 0 [Assuming the opposite,
there exists a set A € B(R™**) of positive Agnxx- measure such that QZ,M,p(-’X’ R) = 0 for every
X € A, which implies that R” x A C R™ x R"** is a subset of the zero set of (y, X) — g3, (y, X, R).
But clearly R™ x A has positive Lebesgue measure, a contradiction.]. In the following we shall
construct such a pair (y, X) as above:

Let § # 0 and define wy,wq,v(8) € RF ™ as wy = (1,1,...,1), wy = (—1,—1,1,...,1) and
v(0) = (=6,0,—(k + 1),1,...,1,1). By construction v(4) is orthogonal to w; and ws. Noting
that [w1]; = [we]; for ¢ > 3 a dimensionality argument implies existence of k normalized vectors
w3, ..., Wreo € R4 that are functionally independent of §, linearly independent and orthogonal
to e1(k +4), ea(k +4), w1, wy and v(J) (for every & # 0). Recall that e;(k +4) and ea(k + 4)
are the first two elements of the canonical basis of R**%. Hence, the first two coordinates of w; for
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1 =3,...,k+ 2 are zero. These orthogonality properties readily imply

Hspan(wg,...,wk+2,w1,w2)iv(a) = Hspan(w3+w1,...,wk+2+w1,w1,w2)lv(a) = 'U((;) (30)
and rank(W) = k+2 for W = (wz+wy, . .., Wgr2+wi, w1, ws). Inserting zero coordinates and rows,
respectively, we shall now suitably embed v(§) € RF* and W = (w3 +wy, . .., wpro+w;) € REF4XE

into R™ and R™**. Define y(§) as
(v1(9), 01,41, v2(8), 01,p, v3(8), 01 p= 1, 04(8), 01, pr 1, - -+ Vk+4(0), 01,p—1, 01— )’
and X as
(W1, Ok 1, W, O, Wi, O 1, W Ok e 1+ Wiy 01,p—1, 01— ),

where n* = (k+3)(p* +2) +p— 1, a number that does not exceed n by assumption. We emphasize
that by construction X does not depend on 4. Furthermore, if we delete from e; and e_ those
coordinates that correspond to the zero coordinates that have been inserted to obtain y(4) from v(d),
we obtain the vectors wy and ws. Therefore, it follows from Equation that y(d) is orthogonal

to span(X) = span((X, e4,e_)), that rank(X, ey,e_) = rank(W) = k 4 2 and that for every § # 0
we have

As an immediate consequence we obtain

Vi (y(6)) = X' diag(y(5))
= (v1(O)W1., Opg2pr 41, 2(8) W3, Oy po, 03(6) W, Oz pe 11, - - - (31)

o Uk a(O) Wi g Org2.p1, Ok 2m—nv )

where we recall that all coordinates of v(d) are nonzero and therefore Vy (y(d)) has precisely k + 4
nonzero columns. We now intend to apply Lemma with t = k + 3, acting as if X € R?"*(#+2)
was the underlying design, (R,7) was the hypothesis to be tested and with the triple &, M, p
which obviously satisfies Assumption [I| with respect to X (a matrix with & + 2 columns), since by
assumption we have 1 < p < ki—&-?) (Note that due to interpreting X as the underlying design, k + 2
corresponds to the ‘k’ in Lemma. We note first that removing the first or last row of W does
not reduce its rank, because v(9) (a vector all coordinates of which are nonzero) is orthogonal to
every column of this matrix (cf. the argument in the beginning of the proof of Lemma . Using
p* > p we hence see that Assumptions (A1)-(A3) in Lemma are satisfied by construction.
Now consider the case M € Mgy . By definition M is an element of Mgy (acting as if X was
the underlying design matrix). Therefore, Condition (CKV) is satisfied for § # 0 arbitrary, and
g;M,p(y(é),X, R) # 0 follows. Consider the case where M € M. Since n —n* > 1y,,, (M) =1
and because of jrr4 = n* —p+ 1 it follows that n — jg14 > p — 1. Therefore, Condition (CAM)
in Lemma is satisfied and therefore g o (y(6), X, R) # 0 for § # 0 arbitrary. It remains to

consider the case where M € My . It suffices to find a §* # 0 such that M (y(6*)) is well defined
(see the proof of Part 2 of Lemma [A.1)). The latter statement is equivalent to the denominator in
the fraction appearing in the definition of M (y(6*)) being nonzero, i.e.,

n—p—1

Y w@a(y(r) #0,

i=—(n—p—1)
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where

Gi(y(0) =(m-p)" Y & ZewEN (2w N g _p@  for [i| =0,...,n—p—1.
j=|il+1

(w',0,0)" and we recall that Zx = V), (y(6)) which implies via Equation

By definition w =
(y(9)) equals

w
that («,0,0)Zx

(kap* —p+2, V2 (5)W/W2/~7 Ok,p* ) U3(6)W/W?:~’ 07€7p*+1’ ) vk+4(5)le1~;+4-a 0k,p—17 Ok,n—n*)

The only coordinate of this vector that depends on ¢ is ve(§)w'W35, = ¢ Zle wj, the latter equation
following from wvy(d) = § and W, = (1,...,1). Since Z?Zl w; > 0, the denominator appearing in
the definition of M (y(9)) interpreted as a function of J is now seen to be a polynomial of degree 2
in . Hence, there must exist a §* # 0 such that the denominator does not vanish. It follows that

95 51.,W(%), X, R) # 0.

Concerning the second statement we observe that (k4 2)(p* +2) +p—1 < n implies k+ 1 < n,
and therefore we have rank(X, e, e—) =k +1 for Agnxx-1-almost every X € X,. By assumption
the first column of R is zero. Therefore, for Agnx(—1)-almost every X = (e4, X) € R™** we have
ey € My, RBx(ey) =0and e_ ¢ My, i.e., for Agnxe—n-almost every (e,, X) € R"*¥ Scenario (1)
in Theorem applies. As above, it suffices to construct a pair y € R™ and X e Rrx(k=1) (recall
that k > 2), such that g7 ; (y,X,R) # 0, where X = (e, X,e_) € R™™FHD and R = (R,0).
Here, the matrix X is n x (k — 1) dimensional. By assumption k% = k — 1 obviously satisfies
(k* +3)(p* +2) +p— 1+ 1y, (M) < n. To construct the matrix X we can thus use the same
argument as was used to construct X in the proof of the first statement (k* replacing k). The
matrix X so obtained has (after a permutation of its columns) the same structure as has the matrix
X constructed in the proof of the first statement. We can therefore use almost the same arguments
to conclude that QZ,M,p(y(‘;*)va R) # 0 for some §* # 0 and y(§) as constructed in the first part
of the proof. O
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